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ON UNIFORMIZATION OF N=2 SUPERCONFORMAL AND N=1
SUPERANALYTIC DEWITT SUPER-RIEMANN SURFACES
KATRINA BARRON
Abstract. We prove a general uniformization theorem for N=2 supercon-
formal and N=1 superanalytic DeWitt super-Riemann surfaces, showing that
in general an N=2 superconformal (resp. N=1 superanalytic) DeWitt super-
Riemann surface is N=2 superconformally (resp., N=1 superanalytically) equiv-
alent to a manifold with transition functions containing no odd functions of
the even variable if and only if a certain cohomology group is trivial, namely
the first Cˇech cohomology group of the body Riemann surface with coefficients
in the sheaf consisting of the reciprocal of a line bundle tensor the holomorphic
vector fields over the body. In particular, this gives a general criteria for when
a DeWitt N=1 superanalytic super-Riemann surface is N=1 superanalytically
equivalent to a ringed-space (1, 1)-supermanifold, as studied in the algebro-
geometric setting. As a consequence of this general classification result, there
is a countably infinite family of N=2 superconformal equivalence classes of
N=2 superconformal DeWitt super-Riemann surfaces with genus-zero com-
pact body, and N=2 superconformal DeWitt super-Riemann surfaces with
simply connected body are classified up to N=2 superconformal equivalence
by conformal equivalence classes of holomorphic line bundles over the under-
lying body Riemann surface. In addition, we show that N=2 superconformal
DeWitt super-Riemann surfaces with compact genus-one body and transition
functions which correspond to the trivial cocycle in the first Cˇech cohomol-
ogy group of the body Riemann surface with coefficients in the reciprocal of
a line bundle tensor the sheaf of holomorphic vector fields over the body are
classified up to N=2 superconformal equivalence by theta functions associated
to the underlying torus up to type modulo the trivial theta functions, or in
other words, by holomorphic line bundles over the torus modulo conformal
equivalence. We also give the corresponding results for the uniformization of
N=1 superanalytic DeWitt super-Riemann surfaces of genus zero or one.
1. Introduction
In this paper, we prove a general uniformization theorem for N=2 supercon-
formal and N=1 superanalytic DeWitt super-Riemann surfaces. In N=2 super-
conformal field theory, the surfaces swept out by propagating strings with N=2
superconformal symmetry are N=2 superconformal DeWitt super-Riemann sur-
faces, [F], [DPZ], [FMS], [W], [Ge]. In order to construct an N=2 superconformal
field theory, one needs, in particular, a precise description of the moduli space of
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N=2 superconformal DeWitt super-Riemann surfaces, under N=2 superconformal
equivalence.
There are two main approaches to supermanifolds, the “concrete” or “DeWitt”
approach [F], [DeW], [Rog] and the “ringed-space” approach [L], [M1], [Rot]. The
DeWitt approach and the ringed-space approach to supermanifolds are equivalent
if one restricts the supermanifolds in the DeWitt approach to only allow for transi-
tion functions which do not include components that are odd functions of an even
variable [Bat], [Rog]; see Remark 2.6. However, to study the worldsheet geometry
underlying superconformal field theory, one needs to include these more general
transition functions, which are naturally incorporated using the DeWitt approach.
Only if one allows the worldsheets swept out by particles modeled as superstrings
to include these more general supermanifolds does one have boson-fermion super-
symmetry in the algebra of correlation functions governed by these worldsheets
(cf. [B4], [B5], [B7], [B8]); that is, it is only then that one has the possibility of
a nontrivial representation of the Neveu-Schwarz algebra of infinitesimal supercon-
formal symmetries imposed on the space of particle states rather than merely a
representation of the Virasoro algebra of infinitesimal conformal symmetries. Us-
ing the ringed-space approach, in order to incorporate the more general transition
functions allowed in the DeWitt approach and in superconformal field theories, one
must consider, for instance, families of ringed-space supermanifolds over a given
supermanifold; see for instance [LR], [FaR], [M2], [BR].
The main result we prove in this paper states, in particular, that a general
N=2 superconformal DeWitt super-Riemann surface with body Riemann surface
MB is N=2 superconformally equivalent to an N=2 superconformal DeWitt super-
Riemann surface with transition functions which do not include components that
are odd functions of an even variable if and only if a certain cohomology vanishes,
namely the first Cˇech cohomology of MB with coefficients in the space of holomor-
phic vector fields over MB tensor the reciprocal of a line bundle over MB, denoted
Hˇ1(MB,L−1 ⊗ TMB). In other words, an N=2 superconformal DeWitt super-
Riemann surface is, in general, N=2 superconformally equivalent to a supermanifold
as defined in the ringed-space approach if and only if Hˇ1(MB,L−1 ⊗ TMB) = 0.
As shown in [DRS], N=2 superconformal super-Riemann surfaces are equivalent
to N=1 superanalytic super-Riemann surfaces, and thus our results apply to these
surfaces as well, under this equivalence. In fact it is interesting to note, that our
main uniformization theorem is proved in the N=2 superconformal “homogeneous
coordinate setting” where the dependency on the Cˇech cohomology associated to
the underlying body Riemann surface is transparent when one considers consistency
conditions of local coordinate transformations on triple overlaps. This dependency
is not transparent if one looks at these consistency conditions for N=1 superanalytic
super-Riemann surfaces, as discussed in Remark 4.3, or for N=2 superconformal
super-Riemann surfaces in the “nonhomogeneous coordinate setting” as discussed
in Section 7.
The problem of the classification of N=1 superanalytic ringed-space manifolds
has been studied in for instance [M1], [Rot], [V], [M2]. Our main uniformization
theorem, Theorem 4.1, (along with Corollary 4.2) provides criteria for when an
N=2 superconformal (resp. N=1 superanalytic) DeWitt super-Riemann surface is
N=2 superconformally (resp. N=1 superanalytically) equivalent to a ringed-space
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supermanifold for which these prior results on classifying N=1 superanalytic ringed-
space manifolds apply.
Thus, for instance, when the body of an underlying N=2 superconformal (resp.
N=1 superanalytic) super-Riemann surface is simply connected, the vanishing of the
cohomologies that appear in Theorem 4.1, imply that any of this simply connected
DeWitt supermanifolds is equivalent to a simply connected ringed-space superman-
ifold, and previous classification results regarding these ringed-space manifolds, as
for instance in [M1], [M2], can be applied. In the present paper, using the DeWitt
setting, we give concrete realizations of the further classification of these simply
connected supermanifolds as already obtained in the ringed-space approach once
one applies our Corollary 4.2. That is, using our Theorem 4.1 and Corollary 4.2, we
classify, up to N=2 superconformal (resp. N=1 superanalytic) equivalence, N=2
superconformal (resp. N=1 superanalytic) DeWitt super-Riemann surfaces with
simply connected body. We show that there are unique, up to N=2 superconformal
(resp. N=1 superanalytic) equivalence, N=2 superconformal (resp. N=1 superan-
alytic) DeWitt structures over the complex plane and complex upper-half plane,
and a countably infinite number of inequivalent N=2 superconformal (resp. N=1
superanalytic) DeWitt structures over the Riemann sphere.
In addition, we give the classification of N=2 superconformal (resp. N=1 super-
analytic) DeWitt super-Riemann surfaces with compact genus-one body and with
transition functions restricted to those that do not contain components involving
odd functions of an even variable, i.e., those found already in the ringed-space ap-
proach. For N=2 superconformal (resp. N=1 superanalytic) DeWitt structures
over a complex torus, we show that if we restrict to supermanifolds where the tran-
sition functions, in particular, do not contain components involving odd functions
of an even variable, then there is a doubly infinite family of N=2 superconformal
(resp. N=1 superanalytic) equivalence classes of genus-one N=2 superconformal
(resp. N=1 superanalytic) DeWitt super-Riemann surfaces over a given torus, and
that the N=2 superconformal (resp. N=1 superanalytic) equivalence classes are de-
termined by theta functions over the underlying lattice defining the complex torus,
up to type and up to equivalence with respect to the trivial theta functions.
The classification of simply connected N=2 superconformal (resp. N=1 super-
analytic) DeWitt super-Riemann surfaces and this subclass of genus-one N=2 su-
perconformal (resp. N=1 superanalytic) DeWitt super-Riemann surfaces can be
restated as follows: N=2 superconformal (resp. N=1 superanalytic) DeWitt super-
Riemann surfaces with simply connected body or with compact genus-one body
and transition functions restricted, in particular, to contain no odd functions of an
even variable are classified up to N=2 superconformal (resp. N=1 superanalytic)
equivalence by holomorphic line bundles over the underlying Riemann surface up
to conformal equivalence.
This work has important implications for N=2 superconformal field theory [BPZ],
[F], [DPZ], [FMS], [W], [Ge], and its connections to mathematics through, for
instance, the phenomenon of mirror symmetry [GP], [CdGP], [Gi], [CK], [HKK],
and the theory of vertex operator superalgebras [FLM], [KT], [DPZ], [YZ], [LVW],
[FFR], [DL], [B8], in addition to having applications, through the theory of vertex
operator superalgebras, to aspects of number theory [Mil], [STT] and integrable
systems [MR], [BR].
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This uniformization result is a crucial step in constructing an N=2 superconfor-
mal field theory following the work of Huang [H1]-[H9] and Huang and Lepowsky
[HL1]-[HL7] in the nonsuper case, and the author [B1]-[B6] in the N=1 supercon-
formal case. The extension of this program to the N=2 superconformal case was
initiated in [B7]. The present paper allows the results of [B7] to be put into the
context of the description of the entire moduli space of genus-zero N=2 super-
conformal worldsheets modeled as genus-zero N=2 superconformal DeWitt super-
Riemann surfaces with half-infinite tubes. In [B10], we have determined the Lie
supergroups of automorphisms of each N=2 superconformal equivalence class of
genus-zero N=2 superconformal super-Riemann surface, and this work along with
that of the present paper provides the necessary results to proceed in defining the
moduli space of N=2 superspheres with tubes and a sewing operation modeling
the worldsheet approach to genus-zero two-dimensional N=2 superconformal field
theory.
In particular, we note here that in both the nonsuper case and N=1 super case
there is a unique genus-zero surface up to conformal or N=1 superconformal equiv-
alence, respectively. However, as proved in this paper, there is a countably infinite
number of equivalence classes of N=2 superconformal genus-zero super-Riemann
surfaces. Thus, in the N=2 superconformal case, the operad structure on the mod-
uli space of genus-zero worldsheets will have considerably more structure in com-
parison to the nonsuper and N=1 super cases. Consequently the algebraic structure
imposed on the space of particle states by the worldsheet operad structure has con-
siderably more structure in the N=2 superconformal case than in the analogous
conformal and N=1 superconformal cases, where the structure of a vertex operator
algebra [H1] or N=1 Neveu-Schwarz vertex operator superalgebra [B3], [B4], [B5],
respectively, is imposed. In fact, an algebra over the operadic structure of genus-
zero N=2 superconformal worldsheets will necessarily carry much more structure
than that of an N=2 Neveu-Schwarz vertex operator superalgebra [B8].
This paper is organized as follows: In Section 2, the basic notions of superfunc-
tions, superanalyticity and N=1 and N=2 superconformality are presented as well
as the notion of DeWitt supermanifold and N=2 superconformal super-Riemann
surface. As subclasses of these notions, we also present notation for superfunctions
and supermanifolds found in the more restricted ringed-space approach. In Sec-
tion 3, we recall the construction of an equivalence between N=2 superconformal
DeWitt super-Riemann surfaces and N=1 superanalytic DeWitt super-Riemann
surfaces following [DRS].
In Section 4, we prove the main theorem of this paper, Theorem 4.1. We prove
that in general, an N=2 superconformal DeWitt super-Riemann surface with body
Riemann surface MB is N=2 superconformally equivalent to an N=2 superconfor-
mal DeWitt super-Riemann surface with transition functions which do not include
components that are odd functions of an even variable if and only if the first Cˇech
cohomology of MB with coefficients in the space of holomorphic vector fields over
MB tensor the reciprocal of a line bundle over MB is trivial. Furthermore, the
remaining even transition functions can be further reduced to have no soul compo-
nents in general, if and only if the first Cˇech cohomology of MB with coefficients
in the space of holomorphic vector fields over MB is trivial. We then use the
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equivalence between N=2 superconformal and N=1 superanalytic DeWitt super-
Riemann surfaces to state an analogous theorem for N=1 superanalytic DeWitt
super-Riemann surfaces.
In Section 5.1, we study N=2 superconformal DeWitt super-Riemann surfaces
over the Riemann sphere with certain restricted N=2 superconformal coordinate
transformations. We then use the uniformization theorem, Theorem 4.1, to classify
genus-zero N=2 superconformal DeWitt super-Riemann surfaces. In particular, we
show that compact genus-zero N=2 superconformal DeWitt super-Riemann sur-
faces are classified up to N=2 superconformal equivalence by a countably infinite
family of superspheres, and there is a bijection between these equivalence classes
and conformal equivalence classes of holomorphic line bundles over the Riemann
sphere. We then state the analogous results for genus-zero N=1 superanalytic De-
Witt super-Riemann surfaces, which also essentially follow from Corollary 4.2 on
uniformization for N=1 superanalytic DeWitt super-Riemann surfaces, along with
results on ringed-space supermanifolds as in [M1].
In Section 6, we first recall some preliminary results about complex tori and
theta functions. Then in Section 6.2, we study N=2 superconformal DeWitt super-
Riemann surfaces over a fixed complex torus with certain restricted N=2 supercon-
formal coordinate transformations. In particular, we show that there is a doubly
infinite family of distinct N=2 superconformal equivalence classes of compact genus-
one N=2 superconformal DeWitt super-Riemann surfaces and that these distinct
equivalence classes are characterized by theta functions associated to the torus up
to type modulo the trivial theta functions, or equivalently by holomorphic line
bundles over the underlying complex torus up to conformal equivalence. Aspects
of genus-zero supermanifolds have been studied previously in, for instance, [M2].
In Section 7, we reformulate our results in the “nonhomogeneous coordinate sys-
tem” as opposed to the “homogeneous coordinate system” we had been using. We
use this reformulation to give some intuition as to why our uniformization theorems
hold. In particular, we discuss the infinitesimal N=1 and N=2 superconformal co-
ordinate transformations, the presence of a representation of the affine unitary Lie
algebra and an action of the GL(1) loop group on the moduli spaces of genus-zero
and genus-one N=2 superconformal super-Riemann surfaces.
Acknowledgments: The author thanks Yi-Zhi Huang, Liviu Nicolaescu, Jeffrey
Rabin and Stephan Stolz for insightful comments and discussions. The author
thanks Jeffrey Rabin as well as an anonymous referee for pointing out mistakes in
preliminary versions of this paper. The author also thanks the kind support and
hospitality of the Max Planck Institute for Mathematics in Bonn, Germany.
2. Preliminaries: Superanalytic functions, N=2 superconformal
functions and supermanifolds
2.1. Superanalytic functions. In this section, we recall the notion of Grassmann
algebra and superanalytic function following, for instance [B7], [DeW], [Rog].
Let C denote the complex numbers, let Z denote the integers, and let Z2 denote
the integers modulo 2. For a Z2-graded vector space V = V
0 ⊕ V 1, over C, define
the sign function | · | on the homogeneous subspaces of V by |v| = j, for v ∈ V j
and j ∈ Z2. If |v| = 0, we say that v is even, and if |v| = 1, we say that v is odd.
A superalgebra is an (associative) algebra A (with identity 1 ∈ A), such that: (i) A
is a Z2-graded algebra; (ii) ab = (−1)|a| |b|ba for a, b homogeneous in A.
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Let V be a complex vector space. The exterior algebra generated by V , de-
noted
∧
(V ), has the structure of a superalgebra. Let N denote the nonnegative
integers. For L ∈ N, fix VL to be an L-dimensional vector space over C with basis
{ζ1, ζ2, . . . , ζL} such that VL ⊂ VL+1. We denote
∧
(VL) by
∧
L and call this the
complex Grassmann algebra on L generators. In other words, from now on we will
consider the Grassmann algebras to have a fixed sequence of generators. Then
∧
L
is the associative algebra over C with generators 1, ζj , for j = 1, 2, . . . , L, and with
relations 1 · ζj = ζj · 1, ζjζk = −ζkζj and ζ2j = 0, for j, k = 1, 2, . . . , L.
Let
J0L =
{
(j) = (j1, j2, . . . , j2n) | j1 < j2 < · · · < j2n, jl ∈ {1, 2, . . . , L}, n ∈ N
}
,
J1L =
{
(j) = (j1, j2, . . . , j2n+1) | j1 < j2 < · · · < j2n+1, jl ∈ {1, 2, . . . , L}, n ∈ N
}
,
and JL = J
0
L ∪ J1L. Let Z+ denote the positive integers, and let
J0∞ =
{
(j) = (j1, j2, . . . , j2n) | j1 < j2 < · · · < j2n, jl ∈ Z+, n ∈ N
}
,
J1∞ =
{
(j) = (j1, j2, . . . , j2n+1) | j1 < j2 < · · · < j2n+1, jl ∈ Z+, n ∈ N
}
,
and J∞ = J0∞ ∪ J1∞. We use J0∗ , J1∗ , and J∗ to denote J0L or J0∞, J1L or J1∞, and JL
or J∞, respectively. Note that (j) = (j1, . . . , j2n) for n = 0 is in J0∗ , and we denote
this element by (∅).
The infinite Grassmann algebra, denoted
∧
∞, is the superalgebra over C given
by ∧
∞ =
{ ∑
(j)∈J∞
a(j)ζj1ζj2 · · · ζjn
∣∣ a(j) ∈ C, n ∈ N}
and with relations 1 · ζj = ζj · 1, ζjζk = −ζkζj and ζ2j = 0, for j, k = 1, 2, . . . . We
use the notation
∧
∗ to denote a Grassmann algebra, finite or infinite. The reason
we take
∧
∗ to be over C is that we will be interested in complex supergeometry.
However, formally, we could just as well have takenC to be any field of characteristic
zero.
The Z2-grading of
∧
∗ is given explicitly by∧0
∗ =
{ ∑
(j)∈J0∗
a(j)ζj1ζj2 · · · ζj2n
∣∣ a(j) ∈ C, n ∈ N}
∧1
∗ =
{ ∑
(j)∈J1∗
a(j)ζj1ζj2 · · · ζj2n+1
∣∣ a(j) ∈ C, n ∈ N}.
We can also decompose
∧
∗ into body, (
∧
∗)B = {a(∅) ∈ C}, and soul
(
∧
∗)S =
{ ∑
(j)∈J∗r{(∅)}
a(j)ζj1ζj2 · · · ζjn
∣∣ a(j) ∈ C}
subspaces such that
∧
∗ = (
∧
∗)B ⊕ (
∧
∗)S . For a ∈
∧
∗, we write a = aB + aS for
its body and soul decomposition. We will use both notations aB and a(∅) for the
body of a supernumber a ∈ ∧∗ interchangeably.
For n ∈ N, we introduce the notation ∧∗>n to denote a finite Grassmann algebra∧
L with L > n or an infinite Grassmann algebra. We will use the corresponding
index notations for the corresponding indexing sets J0∗>n, J
1
∗>n and J∗>n.
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Let m,n ∈ N, and let U be a subset of (∧0∗)m ⊕ (∧1∗)n. A ∧∗-superfunction H
on U in (m,n)-variables is given by
H : U −→ ∧∗
(z1, z2, . . . , zm, θ1, θ2, . . . , θn) 7→ H(z1, z2, . . . , zm, θ1, θ2, . . . , θn)
where zk, for k = 1, . . . ,m, are even variables in
∧0
∗ and θk, for k = 1, . . . , n,
are odd variables in
∧1
∗. If H takes values only in
∧0
∗, respectively in
∧1
∗, we say
that H is an even, respectively odd, superfunction. Let f((z1)B , (z2)B, . . . , (zm)B)
be a complex analytic function in (zk)B , for k = 1, . . . ,m. For zk ∈
∧0
∗, and
k = 1, . . . ,m, define
(2.1) f(z1, z2, . . . , zm) =
∑
l1,...,lm∈N
(z1)
l1
S (z2)
l2
S · · · (zm)lmS
l1!l2! · · · lm!
(
∂
∂(z1)B
)l1( ∂
∂(z2)B
)l2
· · ·
(
∂
∂(zm)B
)lm
f((z1)B , (z2)B, . . . , (zm)B).
Note that if
∧
∗ is finite, then Eq. (2.1) is a finite sum since z
L+1 = 0 for z ∈ ∧L.
If
∧
∗ is infinite, then Eq. (2.1) is an infinite sum but is well defined since the
coefficient of each basis element ζj1 · · · ζjm is finite.
Consider the projection
π
(m,n)
B : (
∧0
∗>n−1)
m ⊕ (∧1∗>n−1)n −→ Cm(2.2)
(z1, . . . , zm, θ1, . . . , θn) 7→ ((z1)B, (z2)B , . . . , (zm)B).
Definition 2.1. Let m,n ∈ N. Let U ⊆ (∧0∗>n−1)m ⊕ (∧1∗>n−1)n, and let H be
a
∧
∗>n−1-superfunction in (m,n)-variables defined on U . Then H is said to be
superanalytic if H is of the form
(2.3) H(z1, z2, . . . , zm, θ1, θ2, . . . , θn) =
∑
(j)∈Jn
θj1 · · · θjlf(j)(z1, z2, . . . , zm),
where each f(j) is of the form
(2.4) f(j)(z1, z2, . . . , zm) =
∑
(k)∈J∗−n
f(j),(k)(z1, z2, . . . , zm)ζk1ζk2 · · · ζks ,
and each f(j),(k)((z1)B, (z2)B , . . . , (zm)B) is analytic in (zl)B, for l = 1, . . . ,m and
((z1)B, (z2)B, . . . , (zm)B) ∈ UB = π(m,n)B (U) ⊆ Cm.
We require the even and odd variables to be in
∧
∗>n−1, and we restrict the
coefficients of the f(j),(k)’s to be in
∧
∗−n ⊆
∧
∗>n−1 in order for the partial deriva-
tives with respect to each of the n odd variables to be well defined and for multiple
partials to be well defined (cf. [DeW], [B4], [Rog], [B7]).
Remark 2.2. In the language of [Rog], these superanalytic
∧
∗>n−1-superfunctions
just defined are called GCω functions on Cm,nS if
∧
∗ =
∧
∞, and are called GHC
ω
functions on Cm,nS[L] if
∧
∗ =
∧
L. In the language of [Rog], the class ofHC
ω functions
on Cm,nS are those superanalytic
∧
∞-superfunctions in (m,n)-variables for which
the coefficient functions f(j) restricted to C
m take values in C rather than more
generally in
∧
∞. In other words, the HC
ω functions on Cm,nS are the subclass
of GCω functions on Cm,nS for which f(j),(k) = 0 if (k) 6= (∅), and thus are a
proper subclass of the functions we call superanalytic
∧
∗>n−1-superfunctions in
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(m,n)-variables. Similarly, the class of HCω functions on Cm,nS[L] in [Rog] are those
superanalytic
∧
L>n−1-superfunctions in (m,n)-variables for which the coefficient
functions f(j) restricted to C
m take values in C rather than more generally in∧
L−n, and thus are also a proper subclass of the functions we call superanalytic∧
∗>n−1-superfunctions in (m,n)-variables. Often the ringed-space approach to
supermanifolds restricts to functions in this subclass HCω of the more general
class GCω .
We define the DeWitt topology on (
∧0
∗>n−1)
m ⊕ (∧1∗>n−1)n by letting a subset
U of (
∧0
∗>n−1)
m ⊕ (∧1∗>n−1)n be an open set in the DeWitt topology if and only
if U = (π
(m,n)
B )
−1(V ) for some open set V ⊆ Cm. Note that the natural domain
of a superanalytic
∧
∗>n−1-superfunction in (m,n)-variables is an open set in the
DeWitt topology.
Let (
∧
∗)
× denote the set of invertible elements in
∧
∗. Then (
∧
∗)
× = {a ∈∧
∗ | aB 6= 0}, since 1a = 1aB+aS =
∑
n∈N
(−1)nanS
an+1
B
is well defined if and only if
aB 6= 0.
Remark 2.3. Recall that
∧
L ⊂
∧
L+1 for L ∈ N, and note that from (2.1), any
superanalytic
∧
L-superfunction, HL, in (m,n)-variables for L ≥ n can naturally be
extended to a superanalytic
∧
L′-superfunction in (m,n)-variables for L
′ > L and
hence to a superanalytic
∧
∞-superfunction. Conversely, if HL′ is a superanalytic∧
L′-superfunction (or
∧
∞-superfunction) in (m,n)-variables for L
′ > n, then we
can restrict HL′ to a superanalytic
∧
L-superfunction for L
′ > L ≥ n by restricting
(z1, . . . , zm, θ1, . . . , θn) ∈ (
∧0
L)
m ⊕ (∧1L)n and setting f(j),(k) ≡ 0 if (k) /∈ JL−n.
If HL′ satisfies f(j),(k) ≡ 0 for (k) /∈ JL−n, then restriction to
∧
L and then ex-
tension to
∧
L′ results in the identity mapping, i.e., leaves HL′ unchanged. Thus
any superanalytic function over
∧
L′ in (m,n)-variables with coefficient functions
f(j),(k) = 0 for (k) /∈ JL−n, for L ≤ L′, can be thought of as a functor from the
category of Grassmann algebras
∧
∗ with ∗ ≥ L+n to superanalytic functions over∧
∗ in (m,n)-variables (cf. [S], [KS]).
2.2. Subclasses of (1, 1)- and (1, 2)-superfunctions and N=1 and N=2 su-
perconformal functions. For the purposes of this paper, our focus will be on
superanalytic
∧
∗>n−1-superfunctions in (1, n)-variables for n ≤ 2, i.e., the case of
one even variable and one or two odd variables. Here we introduce some nota-
tion for some of the subclasses of (1, n)-superfunctions for n = 1, 2. In particular,
distinguishing these subclasses will be useful both for stating our results, and for
relating these results to some of the results from the ringed-space approach which
is more restrictive than the general approach we take throughout this paper. In
addition, we recall the notions of N=1 and N=2 superconformal functions following,
for instance, [CR], [DRS], [B2], [B4], [B7].
A superanalytic (1, 1)-superfunction H(z, θ) = (z˜, θ˜) from a DeWitt open neigh-
borhood in
∧0
∗>0⊕
∧1
∗>0 to
∧0
∗>0⊕
∧1
∗>0 is of the form
z˜ = f(z) + θξ(z)(2.5)
θ˜ = ψ(z) + θg(z)(2.6)
for f, g even and ξ, ψ odd superanalytic (1, 0)-superfunctions in z. We will call
this class of functions N = 1 superanalytic functions, and denote the class of such
functions by G∗>0(1). In the ringed-space approach, one does not consider odd
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functions of an even variable such as ξ and ψ. Let H∗>0(1), be the subclass of
G∗>0(1) consisting of (1, 1)-superfunctions H(z, θ) = (z˜, θ˜) of the form (2.5)-(2.6),
where ψ(z) and ξ(z) and the soul portion of f(z) are identically zero. That is, f(zB)
is a complex analytic function on an open subset of C. Finally, let C∗>0(1) be the
subclass of H∗>0(1) consisting of H∗>0(1) functions such that g(zB) is a complex
analytic functions on an open subset of C. Thus we have C∗>0(1) ⊆ H∗>0(1) ⊆
G∗>0(1), and the only time equality holds is in the case when ∗ = 1, i.e., when we
are working over the Grassmann algebra
∧
1. In this case, C1(1) = H1(1) = G1(1).
In addition, by considering the natural extension of a superanalytic function over∧
L to a superanalytic function over
∧
L′ for L < L
′ following Remark 2.3, we have
the inclusions GL(1) ⊂ GL′(1) ⊆ G∞(1).
Similarly, a superanalytic (1, 2)-superfunction H(z, θ1, θ2) = (z˜, θ˜1, θ˜2) from a
DeWitt open neighborhood in
∧0
∗>1⊕(
∧1
∗>1)
2 to
∧0
∗>1⊕(
∧1
∗>1)
2 is of the form
z˜ = f(z) + θ1ξ1(z) + θ2ξ2(z) + θ1θ2g(z)(2.7)
θ˜j = ψj(z) + θ1gj(z) + θ2hj(z) + θ1θ2ϕj(z)(2.8)
for j = 1, 2, and f, g, gj, hj even and ξj , ψj , ϕj odd superanalytic (1, 0)-super-
functions in z. We will call this class of functionsN = 2 superanalytic functions, and
denote the class of such functions by G∗>1(2). Again, since in the ringed-space ap-
proach, one does not consider odd functions of an even variable, we let H∗>1(2), be
the subclass of G∗>1(2) consisting of (1, 2)-superfunctions H(z, θ1, θ2) = (z˜, θ˜1, θ˜2)
of the form (2.7)-(2.8), where ψj(z), ξj(z) and φj , for j = 1, 2, are identically
zero and f(zB), is a complex analytic function on an open subset of C. Finally,
let C∗>1(2) be the subclass of H∗>1(2) consisting of H∗>1(2) functions such that
g(zB), and gj(zB) and hj(zB), for j = 1, 2, are complex analytic functions on an
open subset of C. Thus we have C∗>1(2) ⊆ H∗>1(2) ⊆ G∗>1(2), and the only time
equality holds is in the case when ∗ = 2, i.e., when we are working over the Grass-
mann algebra
∧
2. In this case, C2(2) = H2(2) = G2(2). In addition, we have the
inclusions GL(2) ⊂ GL′(2) ⊆ G∞(2), for 0 < L < L′.
An N=n superconformal function is a superanalytic (1, n)-superfunction on a De-
Witt open subset of
∧0
∗>n−1⊕(
∧1
∗>n−1)
n to
∧0
∗>n−1⊕(
∧1
∗>n−1)
n that transforms
the superderivations Dj =
∂
∂θj
+ θj
∂
∂z , for j = 1, . . . n, in a certain “homogeneous”
way.
In particular, an N=1 superanalytic function H(z, θ) = (z˜, θ˜) of the form (2.5)-
(2.6) transforms D = ∂∂θ + θ
∂
∂z to D˜ =
∂
∂θ˜
+ θ˜ ∂∂z˜ by D = (Dθ˜)D˜ + (Dz˜ − θ˜Dθ˜)D˜2.
We define H to be N=1 superconformal if H transformsD homogeneously of degree
one. That is, if H(z, θ) = (z˜, θ˜) satisfies Dz˜ − θ˜Dθ˜ = 0. This is equivalent to H
having the form
z˜ = f(z) + θg(z)ψ(z)(2.9)
θ˜ = ψ(z) + θg(z)(2.10)
for f, g even and ψ odd superanalytic (1, 0)-superfunctions in z, satisfying the
condition
(2.11) f ′(z) = g(z)g(z)− ψ(z)ψ′(z), i.e., g2(z) = f ′(z) + ψ(z)ψ′(z).
Thus an N=1 superconformal function H is uniquely determined by the superana-
lytic functions f(z) and ψ(z) and a choice of square root for (2.11).
10 KATRINA BARRON
In the N=2 superconformal setting there are generally two different coordinate
systems commonly used. We will first work in what we call the “nonhomogeneous”
coordinate setting (see [B7] and [B8]), and then translate to the “homogeneous”
coordinate system.
An N=2 superanalytic function H(z, θ1, θ2) = (z˜, θ˜1, θ˜2) of the form (2.7)-(2.8)
transforms D1 and D2 by
D1 = (D1θ˜1)D˜1 + (D1θ˜2)D˜2 +
(
D1z˜ − θ˜1D1θ˜1 − θ˜2D1θ˜2
)
D˜21
D2 = (D2θ˜1)D˜1 + (D2θ˜2)D˜2 +
(
D2z˜ − θ˜1D2θ˜1 − θ˜2D2θ˜2
)
D˜22 .
We define H to be N=2 superconformal if it transforms D1, respectively D2, as
D1 = (D1θ˜1)D˜1+(D1θ˜2)D˜2 = (D1θ˜1)D˜1−(D2θ˜1)D˜2, respectivelyD2 = (D2θ˜1)D˜1+
(D2θ˜2)D˜2 = (D2θ˜1)D˜1 + (D1θ˜1)D˜2. That is H must satisfy
D1θ˜1 −D2θ˜2 = D1θ˜2 +D2θ˜1 = 0(2.12)
D1z˜ − θ˜1D1θ˜1 − θ˜2D1θ˜2 = 0(2.13)
D2z˜ − θ˜1D2θ˜1 − θ˜2D2θ˜2 = 0.(2.14)
These conditions (2.12)–(2.14) imply that an N=2 superconformal function in the
nonhomogeneous coordinate system H(z, θ1, θ2) = (z˜, θ˜1, θ˜2) is of the form
z˜ = f(z) + θ1(g1(z)ψ1(z) + g2(z)ψ2(z)) + θ2(g1(z)ψ2(z)− g2(z)ψ1(z))(2.15)
−θ1θ2(ψ1(z)ψ2(z))′
θ˜1 = ψ1(z) + θ1g1(z)− θ2g2(z) + θ1θ2(ψ2)′(z)(2.16)
θ˜2 = ψ2(z) + θ1g2(z) + θ2g1(z)− θ1θ2(ψ1)′(z),(2.17)
satisfying
(2.18) f ′(z) = g21(z) + g
2
2(z)− ψ1(z)(ψ1)′(z)− ψ2(z)(ψ2)′(z),
for even superanalytic (1, 0)-superfunctions f, g1 and g2 and odd superanalytic
(1, 0)-superfunctions ψ1, ψ2.
It will be convenient for us to work in the “homogeneous” coordinate system
denoted by even variable z and odd variables θ+ and θ−, where
(2.19) θ± =
1√
2
(θ1 ± iθ2) ,
or equivalently
(2.20) θ1 =
1√
2
(
θ+ + θ−
)
and θ2 = − i√
2
(
θ+ − θ−) .
This is a standard transformation in N=2 superconformal field theory (cf. [DRS],
[B7], [B8]), however the nomenclature “homogeneous” for the (z, θ+, θ−) coordi-
nate system and “nonhomogeneous” for the (z, θ1, θ2) coordinate system was first
introduced by the author in [B7]. In Remark 2.4 we give some reasons for this
terminology. Other reasons for this nomenclature involve the algebra of infinitesi-
mal N=2 superconformal transformations and are discussed in Remark 7.1 below
as well as in [B7].
We have that
∂
∂θ1
=
1√
2
( ∂
∂θ+
+
∂
∂θ−
)
and
∂
∂θ2
=
i√
2
( ∂
∂θ+
− ∂
∂θ−
)
ON UNIFORMIZATION OF DEWITT SUPER-RIEMANN SURFACES 11
or equivalently
∂
∂θ±
=
1√
2
( ∂
∂θ1
∓ i ∂
∂θ2
)
.
Define
(2.21) D± =
∂
∂θ±
+ θ∓
∂
∂z
=
1√
2
(D1 ∓ iD2).
Note that
[D±, D±] = 2(D±)2 = 0(2.22) [
D+, D−
]
= D+D− +D−D+ = 2
∂
∂z
.(2.23)
Let H(z, θ+, θ−) = (z˜, θ˜+, θ˜−) be an N=2 superanalytic function in the homo-
geneous coordinate system from a DeWitt open neighborhood in
∧0
∗>1⊕(
∧1
∗>1)
2
to
∧0
∗>1⊕(
∧1
∗>1)
2, i.e., z˜ is an even superanalytic (1, 2)-superfunction and θ˜±
are odd superanalytic (1, 2)-superfunctions. Then D+ and D− transform under
H(z, θ+, θ−) by
(2.24) D± = (D±θ˜±)D˜± + (D±θ˜∓)
∂
∂θ˜∓
+ (D±z˜ − θ˜∓D±θ˜±) ∂
∂z˜
.
An N=2 superconformal function H in the homogeneous coordinate system
transforms D+ and D− homogeneously of degree one. That is, H transforms D±
by non-zero superanalytic functions times D˜±, respectively. Since such a super-
analytic function H(z, θ+, θ−) = (z˜, θ˜+, θ˜−) transforms D+ and D− according to
(2.24), H is superconformal if and only if, in addition to being superanalytic, H
satisfies
D±θ˜∓ = 0,(2.25)
D±z˜ − θ˜∓D±θ˜± = 0,(2.26)
for D±θ˜± not identically zero, thus transforming D± by D± = (D±θ˜±)D˜±. These
conditions imply that we can write H(z, θ+, θ−) = (z˜, θ˜+, θ˜−) as
z˜ = f(z) + θ+g+(z)ψ−(z) + θ−g−(z)ψ+(z) + θ+θ−(ψ+(z)ψ−(z))′(2.27)
θ˜± = ψ±(z) + θ±g±(z)± θ+θ−(ψ±)′(z)(2.28)
for f , g± even and ψ± odd superanalytic (1, 0)-superfunctions in z, satisfying the
condition
(2.29) f ′(z) = (ψ+)′(z)ψ−(z)− ψ+(z)(ψ−)′(z) + g+(z)g−(z),
and we also require that D+θ˜+ and D−θ˜− not be identically zero. Thus an N=2
superconformal function H is uniquely determined by the superanalytic functions
f(z), ψ±(z), and g±(z) satisfying the condition (2.29).
Note that, transforming between homogeneous and nonhomogeneous coordinate
systems for an N=2 superconformal functions given by (2.27)–(2.29), or equivalently
(2.15)–(2.18), we have that ψ±(z) = 1√
2
(ψ1(z)±iψ2(z)) and g±(z) = g1(z)±ig2(z).
Remark 2.4. From the properties derived above for an N=2 superconformal
function in the nonhomogeneous coordinate system, we see one of the reasons
for our terminology. Namely, that in the nonhomogeneous coordinate system an
N=2 superconformal function does not transform the superderivations D1 and
D2, respectively, homogeneously of degree one. Instead it transforms them as
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D1 = (D1θ˜1)D˜1+(D1θ˜2)D˜2 and D2 = (D2θ˜1)D˜1+(D2θ˜2)D˜2, respectively – unlike
the homogeneous nature of the transformation ofD± under an N=2 superconformal
function in the homogeneous coordinates. In the latter case the superderivations
transform homogeneously as D± = (D±θ˜±)D˜±.
2.3. Complex DeWitt supermanifolds and N=2 superconformal DeWitt
super-Riemann surfaces. A DeWitt (m,n)-dimensional supermanifold over
∧
∗
is a topological space X with a countable basis which is locally homeomorphic
to an open subset of (
∧0
∗)
m ⊕ (∧1∗)n in the DeWitt topology. A DeWitt (m,n)-
chart on X over
∧
∗ is a pair (U,Ω) such that U is an open subset of X and Ω
is a homeomorphism of U onto an open subset of (
∧0
∗)
m ⊕ (∧1∗)n in the DeWitt
topology. A superanalytic atlas of DeWitt (m,n)-charts on X over
∧
∗>n−1 is a
family of charts {(Uα,Ωα)}α∈A satisfying
(i) Each Uα is open in X , and
⋃
α∈A Uα = X .
(ii) Each Ωα is a homeomorphism from Uα to a (DeWitt) open set in (
∧0
∗>n−1)
m⊕
(
∧1
∗>n−1)
n, such that Ωα ◦Ω−1β : Ωβ(Uα∩Uβ) −→ Ωα(Uα∩Uβ) is superanalytic for
all non-empty Uα ∩Uβ , i.e., Ωα ◦Ω−1β = (z˜1, . . . , z˜m, θ˜1, . . . , θ˜n) where z˜i is an even
superanalytic
∧
∗>n−1-superfunction in (m,n)-variables for i = 1, . . . ,m, and θ˜j is
an odd superanalytic
∧
∗>n−1-superfunction in (m,n)-variables for j = 1, . . . , n.
Such an atlas is called maximal if, given any chart (U,Ω) such that
Ω ◦ Ω−1β : Ωβ(U ∩ Uβ) −→ Ω(U ∩ Uβ)
is a superanalytic homeomorphism for all β, then (U,Ω) ∈ {(Uα,Ωα)}α∈A.
A DeWitt (m,n)-superanalytic supermanifold over
∧
∗>n−1 is a DeWitt (m,n)-
dimensional supermanifold M together with a maximal superanalytic atlas of De-
Witt (m,n)-charts over
∧
∗>n−1.
Given a DeWitt (m,n)-superanalytic supermanifold M over
∧
∗>n−1, define an
equivalence relation ∼ on M by letting p ∼ q if and only if there exists α ∈ A such
that p, q ∈ Uα and π(m,n)B (Ωα(p)) = π(m,n)B (Ωα(q)), where π(m,n)B is the projection
given by (2.2). Let pB denote the equivalence class of p under this equivalence
relation. Define the body MB of M to be the m-dimensional complex manifold
with analytic structure given by the coordinate charts {((Uα)B, (Ωα)B)}α∈A where
(Uα)B = {pB | p ∈ Uα}, and (Ωα)B : (Uα)B −→ Cm is given by (Ωα)B(pB) =
π
(m,n)
B ◦ Ωα(p). We define the genus of M to be the genus of MB.
Note that M is a complex fiber bundle over the complex manifold MB; the fiber
is the complex vector space (
∧0
∗>n−1)
m
S ⊕ (
∧1
∗>n−1)
n. This bundle is not in general
a vector bundle since the transition functions are in general nonlinear.
Remark 2.5. Just as a single superanalytic function over a certain Grassmann
algebra can be thought of as a functor from a (sub)category of Grassmann algebras
to superanalytic functions over any one of these Grassmann algebras (see Remark
2.3), so can a DeWitt (m,n)-superanalytic supermanifold over a certain Grassmann
algebra be thought of as a functor from a (sub)category of Grassmann algebras
to DeWitt (m,n)-superanalytic supermanifolds over any one of these Grassmann
algebras. LetM be an (m,n)-superanalytic supermanifold over
∧
L′ for L
′ ≥ n with
coordinate atlas given by {(Uα,Ωα)}α∈A. If the coordinate transition functions for
M are such that the coefficient functions f(j),(k) ≡ 0 for (k) /∈ JL−n for some L′ >
L ≥ n, then the submanifold ofM given by⋃α∈A Ω−1α ((Ωα(Uα))B×(∧0L)mS ×(∧1L)n)
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is naturally a (m,n)-superanalytic supermanifold over
∧
L. Moreover, if M1 and
M2 are (m,n)-superanalytic supermanifolds over
∧
L′ which result in the same
submanifold under this restriction from
∧
L′ to
∧
L, then M1 = M2. Thus there is
a natural and unique extension of any (m,n)-superanalytic supermanifold over
∧
L
to a (m,n)-superanalytic supermanifold over
∧
∗ for ∗ > L.
For any DeWitt (1, n)-superanalytic supermanifoldM , its bodyMB is a Riemann
surface. An N= n superconformal DeWitt super-Riemann surface over
∧
∗>n−1,
for n = 1, 2, is a DeWitt (1, n)-superanalytic supermanifold over
∧
∗>n−1 with
coordinate atlas {(Uα,Ωα)}α∈A such that the coordinate transition functions Ωα ◦
Ω−1β in addition to being superanalytic are also N= n superconformal for all non-
empty Uα ∩ Uβ.
Since the condition that the coordinate transition functions be N=n supercon-
formal instead of merely superanalytic is such a strong condition (unlike in the
nonsuper case), we again stress the distinction between an N=n superanalytic De-
Witt super-Riemann surface which has superanalytic transition functions versus an
N=n superconformal DeWitt super-Riemann surface which has N=n superconfor-
mal transition functions. In the literature one will find the term “super-Riemann
surface” or “Riemannian supermanifold” used for both merely superanalytic struc-
tures (cf. [DeW]) and for superconformal structures (cf. [F], [CR]). Throughout
this paper, we will be mainly dealing with N=2 superconformal super-Riemann
surfaces and N=1 superanalytic super-Riemann surfaces.
Remark 2.6. In general, the transition functions for an N= n superanalytic De-
Witt super-Riemann surface, for n = 1, 2, are G∗>n−1(n) functions. If however,
the functions are in the subclass of H∗>n−1(n) functions, or C∗>n−1(n) functions,
then we will call such a super-Riemann surface a H∗>n−1(n)-supermanifold or
C∗>n−1(n)-supermanifold, respectively. These subclasses of DeWitt supermani-
folds, H∗>n−1(n)-supermanifold or C∗>n−1(n)-supermanifold, are those that are
equivalent to the supermanifolds studied in the ringed-space approach in, for in-
stance, [M1], [Rot], [V].
Let M1 and M2 be N= n superanalytic DeWitt super-Riemann surfaces, for
n = 1, 2, with coordinate atlases {(Uα, Ωα)}α∈A and {(Vβ ,Ξβ)}β∈B, respectively.
A map F : M1 −→M2 is said to be N=n superanalytic if Ξβ ◦ F ◦ Ω−1α : Ωα(Uα ∩
F−1(Vβ)) −→ Ξβ(Vβ) is N= n superanalytic for all α ∈ A and β ∈ B with Uα ∩
F−1(Vβ) 6= ∅. If in addition, F is bijective, then we say that M1 and M2 are
N=n superanalytically equivalent. By N=n superanalytic structure over a Riemann
surface MB, we mean an equivalence class of N=n superanalytic equivalent atlases
on a DeWitt (1, n)-supermanifold M whose body is MB.
Now, let M1 and M2 be N=n superconformal DeWitt super-Riemann surfaces,
for n = 1, 2, with coordinate atlases {(Uα, Ωα)}α∈A and {(Vβ ,Ξβ)}β∈B, respec-
tively. A map F : M1 −→ M2 is said to be N=n superconformal if Ξβ ◦ F ◦ Ω−1α :
Ωα(Uα ∩ F−1(Vβ)) −→ Ξβ(Vβ) is N= n superconformal for all α ∈ A and β ∈ B
with Uα ∩ F−1(Vβ) 6= ∅. If in addition, F is bijective, then we say that M1 and
M2 are N=n superconformally equivalent. By N=n superconformal structure over
a Riemann surface MB, we mean an equivalence class of N= n superconformally
equivalent atlases on a DeWitt (1, n)-supermanifold M whose body is MB.
We define the N= n super complex plane over
∧
∗>n−1, denoted by S
nC, to be
C × (∧0∗>n−1)S × (∧1∗>n−1)n = ∧0∗>n−1×(∧1∗>n−1)n with the usual topology on
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C dictating the DeWitt topology on SnC. (In the notation of [Rog], this space is
denoted by C1,nS[L] if
∧
∗ =
∧
L, and by C
1,n
S if
∧
∗ =
∧
∞.) We define the N=n super
upper half-plane over
∧
∗>n−1, denoted by S
nH, to be H× (∧0∗>n−1)S × (∧1∗>n−1)n
with the usual topology on H dictating the DeWitt topology on SnH.
Note that for N= n with n = 1, 2, both the superplane SnC and the super
upper half-plane SnH are not only superanalytic as supermanifolds, but also N=n
superconformal. In addition, these are examples of C∗>n−1(n)-supermanifolds.
3. The equivalence of N=2 superconformal and N=1 superanalytic
DeWitt super-Riemann surfaces
In this section, we recall some results from [DRS] establishing an equivalence be-
tween N=1 superanalytic super-Riemann surfaces and N=2 superconformal super-
Riemann surfaces. Our main result in this paper, Theorem 4.1 in Section 4 is
formulated and proved for N=2 superconformal DeWitt super-Riemann surfaces.
In Section 4, we will use the results from [DRS] stated in this section to formu-
late Corollary 4.2 to Theorem 4.1 which gives a uniformization theorem for N=1
superanalytic DeWitt super-Riemann surfaces.
Although we follow [DRS], there are discrepancies between some of our formulas
and those given in [DRS]. For instance, there is a typo in [DRS] in the transfor-
mation from the nonhomogeneous coordinate system (z, θ1, θ2) to the homogeneous
coordinate system (z, θ+, θ−); this typo is a factor of 1/2 erroneously introduced
into the D± superderivations after the transformation of coordinates, and this fac-
tor is carried throughout their calculations.
Let UB be an open set in C. Let SC∗>1(2, UB) be the set of invertible N=2
superconformal functions defined on the DeWitt open set UB×((
∧0
∗>1)S⊕(
∧1
∗>1)
2)
in
∧0
∗>1⊕(
∧1
∗>1)
2. Let SA∗>1(1, UB) be the set of invertible N=1 superanalytic
functions H defined on the DeWitt open set UB × (
∧
∗>1)S in
∧
∗>1 such that the
coefficients of the functions defining H are restricted to lie in
∧
∗−2 rather than just
in
∧
∗−1; that is in (2.4), we take (k) ∈ J∗−2 rather than (k) ∈ J∗−1.
Define the map
F1 : SC∗>1(2, UB) −→ SA∗>1(1, UB)(3.1)
H 7→ F1(H)
as follows: For H ∈ SC∗>1(2, UB), then in particular H(z, θ+, θ−) = (z˜, θ˜+, θ˜−) is
of the form (2.27)-(2.29) for even functions f and g± and odd functions ψ±. Define
(3.2) F1(H)(z, θ) = (f(z) + ψ+(z)ψ−(z) + 2θg+(z)ψ−(z), ψ+(z) + θg+(z)).
It is a straightforward calculation to show that F1 is in fact a homomorphism of
pseudogroups.
The invertible N=1 superanalytic function F1(H) can be thought of as arising
from performing the N=2 superanalytic coordinate transformation
(3.3) (z, θ+, θ−) 7→ (u, η, α) = (z + θ+θ−, θ+, θ−).
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Under this transformation, we obtain the N=2 superanalytic function in the even
variable u and the two odd variables η and α given by
u˜ = f(u) + ψ+(u)ψ−(u) + 2ηg+(u)ψ−(u)(3.4)
η˜ = ψ+(u) + ηg+(u)(3.5)
α˜ = ψ−(u) + αg−(u)− 2ηα(ψ−)′(u).(3.6)
Conversely, define the map
F2 : SA∗>1(1, UB) −→ SC∗>1(2, UB)(3.7)
H 7→ F2(H)
as follows: For H ∈ SA∗>1(1, UB), then H(z, θ) = (f1(z) + θξ(z), ψ(z) + θg(z))
for even functions f1(z) and g(z) and odd functions ξ(z) and ψ(z), and with g(z)
nonvanishing. Define F2(H)(z, θ+, θ−) = (z˜, θ˜+, θ˜−) to be of the form (2.27)-(2.28)
where
f(z) = f1(z)− ψ(z)ξ(z)
2g(z)
,(3.8)
g+(z) = g(z), and g−(z) =
f ′1(z)
g(z)
− ψ
′(z)ξ(z)
g(z)2
(3.9)
ψ+(z) = ψ(z), and ψ−(z) =
ξ(z)
2g(z)
.(3.10)
One can easily check that condition (2.29) is satisfied, and thus F2(H) is indeed
N=2 superconformal.
We have that F1 and F2 are bijections and
(3.11) F1 ◦ F2 = idSA∗>1(1,UB) and F2 ◦ F1 = idSC∗>1(2,UB).
Let SCM∗>1(2) be the category of N=2 superconformal DeWitt super-Riemann
surfaces over the Grassmann algebra
∧
∗>1, and let SAM∗>1(1) be the category of
N=1 superanalytic DeWitt super-Riemann surfacesM over the Grassmann algebra∧
∗>1 such that the transition functions for M are in SA∗>1(1, UB) for some UB ∈
C.
Define the functor
F : SCM∗>1(2) −→ SAM∗>1(1)(3.12)
M 7→ F(M)
as follows: Let M be an N=2 superconformal DeWitt super-Riemann surface over
the Grassmann algebra
∧
∗>1 with coordinate atlas {(Uα,Ωα)}α∈A. Let F(M) be
the N=1 superanalytic DeWitt super-Riemann surface with body MB obtained by
patching together DeWitt open domains in
∧
∗>1 with local coordinates (z, θ) by
means of the transition functions F1(Ωα ◦ Ω−1β ) : (Ωβ(Uα ∩ Uβ))B × (
∧
∗>1)S −→
(Ωα(Uα ∩ Uβ))B × (
∧
∗>1)S .
Since F1 is a homomorphism of pseudogroups, the functor F is well defined.
From (3.11), it follows that F is an isomorphism of categories. Thus we have the
following proposition:
Proposition 3.1. The category SCM∗>1(2) of N=2 superconformal DeWitt super-
Riemann surfaces over the Grassmann algebra
∧
∗>1 is isomorphic to the category
SAM∗>1(1) of N=1 superanalytic DeWitt super-Riemann surfaces such that the
coefficients of the coordinate transition functions are restricted to lie in
∧
∗−2.
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Remark 3.2. In N=2 superconformal field theory, the supermanifolds that arise
from superstrings propagating through space time, are N=2 superconformal De-
Witt super-Riemann surfaces with half-infinite tubes attached. These half-infinite
tubes are N=2 superconformally equivalent to punctures on the N=2 supercon-
formal DeWitt super-Riemann surface with N=2 superconformal local coordinates
vanishing at the punctures. Although, there is a bijection between N=2 supercon-
formal super-Riemann surfaces and N=1 superanalytic super-Riemann surfaces,
there is no such bijection when the extra data of punctures and local coordinates
vanishing at the punctures is added. Even for a marked point such as the origin
on the corresponding superplanes, there is not a bijection between the N=2 su-
perconformal local coordinates vanishing at the origin of
∧0
∗>1⊕(
∧1
∗>1)
2 and N=1
superanalytic local coordinates vanishing at the origin of
∧
∗>1. For example, the
N=1 superanalytic functions H(z, θ) = (z + θξ(z), θ) vanish at the origin (0, 0) of
the N=1 superplane
∧
∗>1. However the corresponding N=2 superconformal func-
tions F1(H)(z, θ+, θ−) = (z + 12θ+, θ+, 12ξ(z) + θ−) vanish at (0, 0,− 12ξ(0)). Thus
one cannot simply replace N=2 superconformal worldsheets swept out by propa-
gating superstrings by N=1 superanalytic worldsheets when the full data of the
propagating strings—punctures and local coordinates vanishing at the punctures—
is included. One must either work in the N=2 superconformal setting, or take into
account the discrepancies that arise by using the N=1 superanalytic setting when
modeling the incoming and outgoing tubes for the superstrings. See, for example,
[B9] for further discussion of this fact.
4. A general uniformization theorem for N=2 superconformal and
N=1 superanalytic DeWitt super-Riemann surfaces
We now prove the main theorem of this paper:
Theorem 4.1. Every N=2 superconformal DeWitt super-Riemann surface M with
body MB is N=2 superconformally equivalent to a H∗>1(2)-supermanifold if and
only if the first Cˇech cohomology group of MB with coefficients in L−1 ⊗ TMB
is trivial, where L is a holomorphic line bundle over MB and TMB is the tan-
gent bundle of MB. In other words, if Hˇ
1(MB,L−1 ⊗ TMB) = 0, then any N=2
superconformal DeWitt supermanifold M with body MB is N=2 superconformally
equivalent to a supermanifold with transition functions of the form
(4.1) H(z, θ+, θ−) = (f(z), θ+g+(z), θ−g−(z))
for f(z) and g±(z) even superanalytic (1, 0)-superfunctions in z, satisfying the con-
dition
(4.2) f ′(z) = g+(z)g−(z).
Moreover, if M has transition functions of the form (4.1), satisfying (4.2), and
Hˇ1(MB, TMB) = 0, then M is N=2 superconformally equivalent to a supermanifold
with transition functions of the form (4.1), satisfying (4.2), such that f(zB) takes
values in C instead of more generally in
∧0
∗.
Proof. We follow the spirit of the proof of the uniformization theorem in the
N=1 superconformal genus-zero case given by Crane and Rabin in [CR]. Let
M be an N=2 superconformal DeWitt super-Riemann surface with coordinate
atlas {(Uα,Ωα)}α∈A. For any α, β ∈ A with Uα ∩ Uβ 6= ∅, we have transi-
tion function Hαβ = Ωα ◦ Ω−1β : Ωβ(Uα ∩ Uβ) −→ Ωα(Uα ∩ Uβ). We will write
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Hαβ(z, θ
+, θ−) = (z˜αβ, θ˜+αβ , θ˜
−
αβ) and denote the three even superfunctions in z and
two odd superfunctions in z that uniquely determineHαβ according to (2.27)–(2.29)
by fαβ , g
±
αβ and ψ
±
αβ , respectively.
On each triple intersection Uα ∩ Uβ ∩ Uγ 6= ∅, for α, β, γ ∈ A, we have the con-
sistency condition Hαγ = Hαβ ◦Hβγ, which when expanded in terms of component
functions give the conditions
fαγ(z) = fαβ(fβγ(z)) + g
+
αβ(fβγ(z))ψ
+
βγ(z)ψ
−
αβ(fβγ(z))− g−αβ(fβγ(z))(4.3)
·ψ+αβ(fβγ(z))ψ−βγ(z) + (ψ+αβψ−αβ)′(fβγ(z))ψ+βγ(z)ψ−βγ(z)
ψ±αγ(z) = ψ
±
αβ(fβγ(z)) + g
±
αβ(fβγ(z))ψ
±
βγ(z)± (ψ±αβ)′(fβγ(z))ψ+βγ(z)ψ−βγ(z)(4.4)
g±αγ(z) = g
±
αβ(fβγ(z))g
±
βγ(z)− 2(ψ±αβ)′(fβγ(z))g±βγ(z)ψ∓βγ(z)(4.5)
−(g±αβ)′(fβγ(z))g±βγ(z)ψ±βγ(z)ψ∓βγ(z).
We will use the equations above to first show that, in general, there exist N=2
superconformal changes of coordinates in each coordinate chart that give a new
atlas for which the ψ±αβ terms in the coordinate transition functions are equal to
zero for all α, β ∈ A if and only if Hˇ1(MB,L−1 ⊗ TMB) = 0. Then we will show
that similarly, we can in general set the soul part of the fαβ terms equal to zero if
and only if Hˇ1(MB, TMB) = 0.
We first expand each ψ±αβ into its component functions, writing
(4.6) ψ±αβ(z) =
∑
(j)∈J1
∗−2
(ψ±αβ)(j)(z)ζj1ζj2 · · · ζj2n+1 .
We will show by induction on n ∈ N, that by N=2 superconformal change of
coordinates in each chart, we can set any nonzero (ψ±αβ)(j) equal to zero for (j) =
(j1, j2, . . . , j2n+1) ∈ J1∗−2 if and only if Hˇ1(MB,L−1 ⊗ TMB) = 0. Let zα denote
the even coordinate on Ωα(Uα) for α ∈ A.
For n = 1, letting (j) = (j1) ∈ J1∗−2 for j1 ∈ {1, . . . , ∗ − 2}, the equations (4.4)
reduce to
(4.7) (ψ±αγ)(j)(z
γ
(∅)) = (ψ
±
αβ)(j)(z
β
(∅)) + (ψ
±
βγ)(j)(z
γ
(∅))(g
±
αβ)(∅)(z
β
(∅)).
By the N=2 superconformal condition (2.29), we have
(4.8) (f ′αβ)(∅)(z
β
(∅)) = (g
+
αβ)(∅)(z
β
(∅))(g
−
αβ)(∅)(z
β
(∅)).
Since (fαβ)(∅) is a local homeomorphism from an open set in the complex plane
to an open set in the complex plane, we have that (fαβ)
′
(∅)(z
β
(∅)) is nonzero for all
zβ(∅) ∈ (Uβ)B , which along with (4.8) implies that the (g±αβ)(∅)(zβ(∅)) are nonzero for
all zβ(∅) ∈ (Uβ)B. Thus we can write
(4.9) (g±αβ)(∅)(z
β
(∅)) =
1
(g∓αβ)(∅)(z
β
(∅))
(f ′αβ)(∅)(z
β
(∅)).
Let σ± each be a section of a holomorphic bundle L−1± ⊗TMB where L± are the
line bundles defined by the transition functions (g±αβ)(∅), respectively, for α, β ∈ A,
and the holomorphic vector field is defined by the transition functions (f ′αβ)(∅).
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Then the transition function from Uα to Uβ for this section is the righthand side of
Eq. (4.9); that is
(4.10) σ±β =
1
(g∓αβ)(∅)(z
β
(∅))
(f ′αβ)(∅)(z
β
(∅))σ
±
α ,
on Uα ∩ Uβ . Then multiplying equation (4.7) by these holomorphic vector fields,
respectively, we have
(4.11) σ±α (ψ
±
αγ)(j)(z
γ
(∅)) = σ
±
α (ψ
±
αβ)(j)(z
β
(∅)) + σ
±
β (ψ
±
βγ)(j)(z
γ
(∅)).
This implies that {σ±α (ψ±αβ)(j) | (α, β) ∈ A × A} are the local representatives of
a cocycle in the first Cˇech cohomology group of MB with coefficients in the sheaf
L−1 ⊗ TMB. Thus these cocycles are, in general, coboundaries if and only if this
cohomology is trivial. If this cohomology is trivial, there exist elements b±(j) in the
zeroth cohomology Hˇ0(MB,L−1 ⊗ TMB), i.e. global sections, such that
(4.12) σ±α (ψ
±
αβ)(j) = σ
±
β (b
±
(j))β − σ±α (b±(j))α,
or in other words
(4.13) (ψ±αβ)(j) = (g
±
αβ)(∅)(b
±
(j))β − (b±(j))α.
For all α ∈ A, define the N=2 superconformal transformation Hα(j) by fα(zα) =
zα, g±α (zα) = 1 and ψ±α (zα) = (b
±
(j))α(z
α)ζj1 , where ζj1 is the j1-th basis ele-
ment for the underlying Grassmann algebra. That is Hα(j)(z
α, (θ+)α, (θ−)α) =
(z˜α, (θ˜+)α, (θ˜−)α) is given by
z˜α = zα + (θ+)α(b−(j))α(z
α)ζj1 + (θ
−)α(b+(j))α(z
α)ζj1(4.14)
(θ˜±)α = (b±(j))α(z
α)ζj1 + (θ
±)α ± (θ+)α(θ−)α((b±(j))α)′(zα)ζj1 .(4.15)
Redefining the coordinates for the charts (Uα,Ωα) and (Uβ ,Ωβ) by the N=2 super-
conformal transformationsHα(j) andH
β
(j), respectively, such that the new coordinate
charts are (Uα, Ω˜α = H
α
(j) ◦ Ωα) and (Uβ , Ω˜β = Hβ(j) ◦ Ωβ), we see that the new
coordinate transformation H˜αβ = Ω˜α ◦ Ω˜−1β = Hα(j) ◦ Ωα ◦ Ω−1β ◦ (Hβ(j))−1, has
(ψ˜±αβ)(j) = (ψ
±
αβ)(j) − (g±αβ)(∅)(b±(j))β + (b±(j))α(4.16)
= 0.
The new atlas {(Uα, Ω˜α) | α ∈ A} now has the ψ˜±(j) terms for (j) = (j1) ∈ J1∗−2
equal to zero. For this new atlas, we again have the compatibility condition on the
triple overlaps, and thus the consistency conditions (4.3)–(4.5) again hold for the
components of the new coordinate transformation functions, and we can perform
the above procedure again for a new j1 ∈ {1, . . . , ∗ − 2} without changing the
fact that the previous (ψ±αβ)(j) terms have been set equal to zero. Doing this
repeatedly, we can, in general, set the (ψ±αβ)(j) terms equal to zero for (j) = (j1),
for all j1 = 1, . . . , ∗ − 2 if and only if Hˇ1(MB,L−1 ⊗ TMB) = 0.
Now we make the inductive assumption: assume coordinate transformations have
been made such that for the new ψ± terms, the components (ψ±αβ)(j) have been set
equal to zero for (j) = (j1, j2, . . . , j2k+1) ∈ J1∗−2, and for k = 1, . . . , n− 1. For this
new atlas, we again have the compatibility condition on the triple overlaps. Thus
for the ζj1 · · · ζj2n+1 level of equation (4.4) applied to z(∅), we have that equation
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(4.7) applies to these new ψ±(j)’s, and thus, so does equation (4.11). Thus again, in
general, there exist b±(j), each in Hˇ
0(MB,L−1 ⊗ TMB) such that equations (4.12)
and (4.13) hold for these terms if and only if Hˇ1(MB,L−1 ⊗ TMB) is trivial.
For α ∈ A, define the N=2 superconformal transformation Hα(j) by fα(zα) = zα,
g±α (z
α) = 1 and ψ±α (z
α) = (b±(j))α(z
α)ζj1 · · · ζj2n+1 . Redefining the coordinates for
the charts (Uα,Ωα) by the N=2 superconformal transformations H
α
(j), for α ∈ A,
it is a straightforward calculation to see that for the new coordinate coordinate
charts (Uα, Ω˜α = H
α
(j) ◦ Ωα) for α ∈ A the new coordinate transformations H˜αβ =
Ω˜α ◦ Ω˜−1β = Hα(j) ◦ Ωα ◦ Ω−1β ◦ (Hβ(j))−1, have (ψ˜±αβ)(j) = 0. We perform this
procedure of redefining the coordinate charts for each (j) = (j1, . . . , j2k+1) ∈ J1∗−2
with k = n, resulting in at atlas with coordinate transition functions that have
all the ψ±(j) components equal to zero for (j) of length 2n + 1, while keeping the
transition functions ψ±(j′) for (j
′) ∈ J1∗−2 of length 2k + 1 for k < n equal to zero.
This proves that, in general, there exist N=2 superconformal coordinate trans-
formations which result in an atlas of charts with coordinate transitions functions
for which the ψ± terms are all zero if and only if Hˇ1(MB,L−1 ⊗ TMB) is trivial;
that is, every N=2 superconformal DeWitt super-Riemann surface M with body
MB is N=2 superconformally equivalent to a H∗>1(2)-supermanifold if and only if
Hˇ1(MB,L−1 ⊗ TMB) = 0.
The remaining nontrivial consistency conditions (4.3) and (4.5) for the new co-
ordinate atlas reduce to
fαγ(z) = fαβ(fβγ(z))(4.17)
g±αγ(z) = g
±
αβ(fβγ(z))g
±
βγ(z).(4.18)
We now expand the fαβ terms into component functions, writing
(4.19) fαβ(z) =
∑
(j)∈J0
∗−2
(fαβ)(j)(z)ζj1ζj2 · · · ζj2n .
For the n = 0 terms, i.e., the (∅) ∈ J0∗−2 terms, equation (4.17) becomes
(4.20) (fαγ)(∅)(z
γ
(∅)) = (fαβ)(∅)((fβγ)(∅)(z
γ
(∅))) = (fαβ)(∅)(z
β
(∅)),
which is just the usual cocycle condition on the Riemann surface MB.
We will show by induction on n ∈ N that we can, in general, set the soul
components of these f terms equal to zero if and only if Hˇ1(MB, TMB) = 0,
assuming the ψ± have already been set to zero. For n = 1, let (j) = (j1, j2) ∈ J0∗−2.
The consistency equation (4.17) implies
(4.21) (fαγ)(j)(z
γ
(∅)) = (fαβ)(j)(z
β
(∅)) + (fαβ)
′
(∅)(z
β
(∅))(fβγ)(j)(z
γ
(∅)).
Let σ be a section of the holomorphic tangent bundle such that on coordinate
charts we have
(4.22) σβ = (fαβ)
′
(∅)(z
β
(∅))σα.
Multiplying equation (4.21) by this vector field, we have
(4.23) σα(fαγ)(i)(z
γ
(∅)) = σα(fαβ)(i)(z
β
(∅)) + σβ(fβγ)(i)(z
γ
(∅)).
This implies that {σα(fαβ)(j) | (α, β) ∈ A × A} are the local representatives of a
cocycle in Hˇ1(MB, TMB). In general, these cocycles are coboundaries if and only
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if this cohomology group is trivial; in which case, there exists elements b(j) in the
zeroth cohomology group of MB, such that
(4.24) σα(fαβ)(j) = σβ(b(j))β − σα(b(j))α,
i.e.,
(4.25) (fαβ)(j) = (fαβ)
′
(∅)(b(j))β − (b(j))α.
For α ∈ A, define the N=2 superconformal transformation Hα(j) by fα(zα) =
zα + (b(j))α(z
α)ζj1ζj2 , g
+
α (z
α) = (fα)
′(zα), g−α (zα) = 1 and ψ±α (zα) = 0. That
is Hα(j)(z
α, (θ+)α, (θ−)α) = (zα + (b(j))α(zα)ζj1ζj2 , θ+(1 + (b(j))′α(zα)ζj1ζj2 ), θ−).
Redefining the coordinates for the charts (Uα,Ωα) by the N=2 superconformal
transformationsHα(j), for α ∈ A, such that the new coordinate charts are (Uα, Ω˜α =
Hα(j) ◦ Ωα), we have that the new coordinate transformations H˜αβ = Ω˜α ◦ Ω˜−1β =
Hα(j) ◦ Ωα ◦ Ω−1β ◦ (Hβ(j))−1, for α, β ∈ A, have
(f˜αβ)(j) = (fαβ)(j) − (fαβ)′(∅)(b(j))β + (b(j))α = 0(4.26)
ψ˜±αβ = 0.(4.27)
The new atlas {(Uα, Ω˜α) | α ∈ A} now has the f˜(j) terms for (j) = (j1, j2) ∈ J0∗−2
equal to zero and the ψ˜± terms equal to zero. For this new atlas, we again have
the compatibility condition on the triple overlaps, and thus the consistency condi-
tion (4.17) again holds on the components of the new coordinate transformation
functions. Therefore, we can perform the above procedure again for a different
(j) = (j1, j2) ∈ J0∗−2 without changing the fact that the previous (fαβ)(j) terms have
been set equal to zero. Doing this repeatedly, we can, in general, set the (fαβ)(j)
terms equal to zero for all (j) = (j1, j2) ∈ J0∗−2 if and only if Hˇ1(MB, TMB) = 0.
Now we make the inductive assumption: assume coordinate transformations have
been made such that for the new f terms, the components (fαβ)(j) have been set
equal to zero for (j) = (j1, j2, . . . , j2k) ∈ J0∗−2, for k = 1, . . . , n − 1. For this new
atlas, we again have the compatibility condition on the triple overlaps. Thus for
the ζj1 · · · ζj2n level of equation (4.17) applied to z(∅), we have that equation (4.22)
applies to these new f(j)’s, and thus, so does equation (4.23). Thus, in general,
there exists b(j) in the zeroth cohomology of MB such that equations (4.24) and
(4.25) hold for these terms if and only if Hˇ1(MB, TMB) = 0.
For α ∈ A, define the N=2 superconformal transformationHα(j) by fα(zα) = zα+
(b(j))α(z
α)ζj1 · · · ζj2n , g+α (zα) = f ′α(zα), g−α (zα) = 1, and ψ±α (zα) = 0. Redefining
the coordinates for the charts (Uα,Ωα) by the N=2 superconformal transformations
Hα(j), for α ∈ A, it is a straightforward calculation to see that the new coordinate
transformations have (f˜αβ)(j) = 0, for α, β ∈ A. In general, we can perform this
procedure of redefining the coordinate charts for each (j) = (j1, . . . , j2n) ∈ J0∗−2,
resulting in an atlas with coordinate transition functions that have all the f(j)
components equal to zero for (j) of length 2n, in addition to the f(j′) terms for
(j′) ∈ J0∗−2 of length 2k for 0 < k < n equal to zero, while keeping the ψ± terms
equal to zero, if and only if Hˇ1(MB, TMB) = 0.
This proves that, in general, there exist N=2 superconformal coordinate trans-
formations which result in an atlas of charts forM with coordinate transitions func-
tions for which the ψ± terms are all zero if and only if Hˇ1(MB,L−1 ⊗ TMB) = 0,
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and furthermore, in this case since this implies Hˇ1(MB, TMB) = 0, the soul portion
of the f terms in the coordinate transition functions can also be set to zero. 
Using Proposition 3.1, we immediately obtain from Theorem 4.1 a uniformiza-
tion result for N=1 superanalytic DeWitt super-Riemann surfaces over
∧
∗>1 with
body MB and coordinate transition functions with coefficients restricted to
∧
∗−2.
Namely we have that the uniformization of such a G∗>1(1)-supermanifold to an
H∗>1(1)-supermanifold is dependent on Hˇ1(MB,L−1 ⊗ TMB). However, analyz-
ing the compatibility conditions for coordinate transformations on triple overlaps
for any N=1 superanalytic DeWitt super-Riemann surfaces over
∧
∗>1 with body
MB, that is where the coordinate transition functions have coefficients restricted
to
∧
∗−1, rather than restricted to
∧
∗−2, we see that for
∧
∗ =
∧
L, the conditions
on the k levels for k < L − 1 are exactly the same as for the k levels with the
restricted coefficients, and that the L − 1 level gives the same cocycle property as
that for the lower levels. Thus we can extend our uniformization result to general
N=1 superanalytic DeWitt super-Riemann surfaces over
∧
∗>0. That is we have:
Corollary 4.2. Any N=1 superanalytic DeWitt super-Riemann surface over
∧
∗>0
with body MB is N=1 superanalytically equivalent to an H∗>0(1)-supermanifold if
and only if the first Cˇech cohomology group of MB with coefficients in L−1⊗TMB
is trivial. In other words, if Hˇ1(MB,L−1⊗TMB) = 0, then any N=1 superanalytic
DeWitt supermanifold M with body MB is N=1 superanalytically equivalent to a
supermanifold with transition functions of the form
(4.28) H(z, θ) = (f(z), θg(z))
where f(z) and g(z) are even superanalytic (1, 0)-superfunctions in z.
Moreover, if M has transition functions of the form (4.28) and Hˇ1(MB, TMB) =
0, then M is N=1 superanalytically equivalent to a supermanifold with transition
functions of the form (4.28) such that f(zB) takes values in C instead of more
generally in
∧0
∗.
Remark 4.3. Although from Proposition 3.1, we know that the N=2 supercon-
formal and N=1 superanalytic settings are essentially equivalent, it is easier to
prove our uniformization theorem, Theorem 4.1, first for N=2 superconformal
DeWitt super-Riemann surfaces and then translate our result to N=1 superan-
alytic DeWitt super-Riemann surfaces, as we did in Corollary 4.2. The reason
for this is that the coordinate transformation compatibility conditions on triple
overlaps in the homogeneous coordinate setting for N=2 superconformal DeWitt
supermanifolds clearly gives a cocycle in Hˇ1(MB,L−1 ⊗ TMB) or Hˇ1(MB, TMB),
whereas for N=1 superanalytic DeWitt supermanifolds this clear dependency be-
tween cocycles in these cohomology groups and the coordinate transformation com-
patibility conditions on triple overlaps is lost. In particular, letting Hαβ(z, θ) =
(fαβ(z) + θξαβ(z), ψαβ(z) + θgαβ(z)) be the transition function from the (Uβ,Ωβ)
coordinate chart to the (Uα,Ωα) coordinate chart for an N=1 superanalytic super-
Riemann surface, the compatibility condition Hαγ = Hαβ ◦Hβγ on triple overlaps
implies the following conditions on the odd component functions:
ξαγ(z) = gβγ(z)ξαβ(fβγ(z)) + f
′
αβ(fβγ(z))ξβγ(z)(4.29)
+ψβγ(z)ξ
′
αβ(fβγ(z))ξβγ(z)
ψαγ(z) = ψαβ(fβγ(z)) + gαβ(fβγ(z))ψβγ(z).(4.30)
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Using induction as in the proof of Theorem 4.1, we look at the coefficients of
ζj1ζj2 · · · ζjn first for n = 1. Looking at the coefficient of ζj , one can see the
dependency of the ψ(j) terms on the cohomology Hˇ
1(MB,L) for L a line bundle
over MB, and can set these terms equal to zero via coordinate redefinitions if
this cohomology is trivial. However, then one obtains that the coefficient of ζj in
condition (4.29) is given by
(4.31) (ξαγ)(j)(z
γ
(∅)) = (gβγ)(∅)(z
γ
(∅))(ξαβ)(j)(z
β
(∅)) + (f
′
αβ)(∅)(z
β
(∅))(ξβγ)(j)(z
γ
(∅))
and this is not, in general, a cocycle in the cohomology over MB with coefficients
in some sheaf over MB. This more complicated dependency of terms in the coordi-
nate transformation functions in the N=1 superanalytic case in comparison to the
N=2 superconformal case is due to the composite nature of the ξ terms in the cor-
respondence between N=2 superconformal supermanifolds and N=1 superanalytic
manifolds; in particular, see Eq. (3.2) where ξ(z) = 2g+(z)ψ−(z) when trans-
forming an N=2 superconformal supermanifold with component functions g± and
ψ± to an N=1 superanalytic supermanifold. A similar phenomenon occurs if one
works in the nonhomogeneous N=2 superconformal coordinate system as discussed
in Section 7.
5. Uniformization for simply connected N=2 superconformal and
N=1 superanalytic DeWitt super-Riemann surfaces
Although Corollary 4.2, along with the results of [Bat] (see also [Rog]) and
[M1] essentially allow one to conclude the classification of simply connected N=1
superanalytic (and thus also N=2 superconformal) DeWitt super-Riemann surfaces,
for completeness, we give a direct proof of this classification here.
5.1. A family of inequivalent N=2 superconformal structures over the
Riemann sphere. Let G be the set of functions g : (∧0∗>1)× → (∧0∗>1)×, z 7→
g(z), such that g is superanalytic for z ∈ (∧0∗>1)×. That is, g is an even superan-
alytic function in z such that g(j)(z(∅)) for (j) ∈ J0∗−2 is complex analytic for all
z(∅) ∈ C× and g+(∅) is nonvanishing on C×. Note that G is a group under point-wise
multiplication.
For g ∈ G, define the N=2 superconformal map
Ig : (
∧0
∗>1)
× ⊕ (∧1∗>1)2 −→ (∧0∗>1)× ⊕ (∧1∗>1)2(5.1)
(z, θ+, θ−) 7→ Ig(z, θ+, θ−) =
(1
z
,
iθ+g(z)
z
,
iθ−
zg(z)
)
.
Define S2Cˆ(g), for g ∈ G, to be the genus-zero N=2 superconformal super-
Riemann surface over
∧
∗>1 with N=2 superconformal structure given by the cov-
ering of local coordinate neighborhoods {U∆g , UΥg} and the local coordinate maps
∆g : U∆g −→
∧0
∗>1 ⊕ (
∧1
∗>1)
2(5.2)
Υg : UΥg −→
∧0
∗>1 ⊕ (
∧1
∗>1)
2,(5.3)
which are homeomorphisms of U∆g and UΥg onto
∧0
∗>1⊕(
∧1
∗>1)
2, respectively,
such that
∆g ◦Υ−1g : (
∧0
∗>1)
× ⊕ (∧1∗>1)2 −→ (∧0∗>1)× ⊕ (∧1∗>1)2(5.4)
(z, θ+, θ−) 7→ Ig(z, θ+, θ−).
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Thus the body of S2Cˆ(g) is the Riemann sphere, i.e., (S2Cˆ(g))B = Cˆ = C ∪ {∞}.
The group of N=2 superconformal automorphisms from the N=2 superconformal
plane S2C to itself that preserve the even coordinate is comprised of transformations
T : S2C −→ S2C(5.5)
(z, θ+, θ−) 7→
(
z, θ+ε+(z),
θ−
ε+(z)
)
where ε+(z) is an even superanalytic function defined for all z ∈ ∧0∗>1 such that
ε+(∅)(z(∅)) is nonzero for all z(∅) ∈ C. The set of all such N=2 superconformal
automorphisms of the N=2 superplane that have even component z is a proper
subgroup of the the group of N=2 superconformal automorphisms of the N=2
superplane, and in fact, is an abelian subgroup.
Let E0 be the set of even superanalytic functions ε+ : ∧0∗>1 → (∧0∗>1)×. That
is ε+(∅)(z(∅)) 6= 0 for all z(∅) ∈ C. Then this set E0 is a group under point-wise
multiplication of functions and is isomorphic to the group of transformations of the
form (5.5). If we restrict the domain of elements of E0 to (∧0∗>1)×, we see that
E0 is a subgroup of G. And since G is in fact abelian, it is a normal subgroup.
Let E∞ be the subgroup of G given by the set of functions {ε+(1/z) : (∧0∗>1)× →
(
∧0
∗>1)
× | ε+(z) ∈ E0}. Let E = E0E∞. Then E is a proper normal subgroup of G.
Lemma 5.1. Let g ∈ G. There exists n ∈ Z such that S2Cˆ(g) is N=2 superconfor-
mally equivalent to S2Cˆ(zn).
Proof. Let I0(z) = 1/z. The inverse of ε0 in E0, given by 1/ε0(z) = I0 ◦ ε0(z),
is in E0 and the function ε∞(1/z) = ε∞ ◦ I0(z) is also in E0. Thus changing
coordinates in the chart (UΥg ,Υg) of S
2Cˆ(g) by TI0◦ε0 and changing coordinates
in the chart (U∆g ,∆g) of S
2Cˆ(g) by Tε∞◦I0 , the new change of coordinates from
(UΥg , TI0◦ε0 ◦Υg) to (U∆g , Tε∞◦I0 ◦∆g) is given by
Tε∞◦I0 ◦ Ig ◦ T−1I0◦ε0(z, θ+, θ−) =
(
1
z
,
iθ+g(z)ε(z)
z
,
iθ−
zg(z)ε(z)
)
(5.6)
= Ih(z, θ
+, θ−).(5.7)
Therefore for g, h ∈ G, if h(z) = g(z)ǫ(z) for some ǫ ∈ E , then S2Cˆ(g) is N=2
superconformally equivalent to S2Cˆ(h). That is, there is a surjection from the set
G/E to the set of N=2 superconformal equivalence classes of S2Cˆ(g), for g ∈ G.
Let g ∈ G and let g(z) = gB(z)+ gS(z) be the decomposition of g into body and
soul components. Then defining f(z) = log(1 + gS(z)/gB(z)) for z ∈ (
∧0
∗>1)
×
we have that f is a well-defined function from (
∧0
∗>1)
× to
∧0
∗>1. Thus 1 +
gS(z)/gB(z) = e
f(z) ∈ E , and since g(z) = gB(z)(1 + gS(z)/gB(z)), we have that
S2Cˆ(g) is N=2 superconformally equivalent to S2Cˆ(gB(z)).
But now the function (1/zB, iθ
+
1 gB(zB)/zB) gives the structure of a holomor-
phic line bundle over the Riemann sphere Cˆ. These holomorphic line bundles are
classified by the first Chern class or equivalently by a positive integer degree of
the tautological line bundle or its dual. Thus there is a holomorphic function
ǫB : C
× → C× such that gB(zB) = ǫB(zB)znB for some n ∈ Z, and extending the
domain of ǫB to (
∧0
∗>1)
×, we have ǫB ∈ E . Thus S2Cˆ(gB) is N=2 superconformally
equivalent to S2Cˆ(zn) for some n ∈ Z. 
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Let
(5.8) SL(2,
∧0
∗−2) =
{(
a b
c d
)
| a, b, c, d ∈ ∧0∗−2, ad− bc = 1
}
,
and let GL(1,
∧0
∗−2) = (
∧0
∗−2)
×.
For each n ∈ Z, and
(5.9) α =

 a b 0c d 0
0 0 ǫ

 ∈ SL(2,∧0∗−2)×GL(1,∧0∗−2),
define
(5.10) α ·n (z, θ+, θ−) =
(
az + b
cz + d
, θ+ǫ(cz + d)n−1, θ−ǫ−1(cz + d)−n−1
)
for (z, θ+, θ−) ∈ (∧0∗>1r{−dB/cB} × (∧0∗>1)S)× (∧1∗>1)2.
The group SL(2,
∧0
∗−2)×GL(1,
∧0
∗−2) acts on S
2Cˆ(zn) for n ∈ Z as global N=2
superconformal transformations as follows: For each n ∈ Z, and α ∈ SL(2,∧0∗−2)×
GL(1,
∧0
∗−2), define the map
(5.11) T n,α∆ :
(∧0
∗>1 r
({−dB/cB} × (∧0∗>1)S))⊕ (∧1∗>1)2 −→(∧0
∗>1 r
({aB/cB} × (∧0∗>1)S))⊕ (∧1∗>1)2
by
(5.12) T n,α∆ (z, θ
+, θ−) = α ·n (z, θ+, θ−).
In addition, define
(5.13) T n,αΥ :
(∧0
∗>1 r
({−aB/bB} × (∧0∗>1)S))⊕ (∧1∗>1)2 −→(∧0
∗>1r
({dB/bB} × (∧0∗>1)S))⊕ (∧1∗>1)2
by
(5.14) T n,αΥ (z, θ
+, θ−) =
(
c+ dz
a+ bz
, θ+ǫ(a+ bz)n−1, θ−ǫ−1(a+ bz)−n−1
)
;
that is T n,αΥ (z, θ
+, θ−) = I−1zn ◦ T n,α∆ ◦ Izn(z, θ+, θ−) for (z, θ+, θ−) ∈ ((
∧0
∗>1)
× r
({−aB/bB} × (
∧0
∗>1)S))⊕ (
∧1
∗>1)
2.
Let {(U∆,∆), (UΥ,Υ)} be the atlas for S2Cˆ(zn) given by (5.2)–(5.4) with g(z) =
zn. We define T n,α : S2Cˆ(zn) −→ S2Cˆ(zn) by
(5.15) T n,α(p) =
{
∆−1 ◦ T n,α∆ ◦∆(p) if p ∈ U∆ rX1,
Υ−1 ◦ T n,αΥ ◦Υ(p) if p ∈ UΥ rX2,
where X1 = ∆
−1(({−dB/cB}× (
∧0
∗>1)S)⊕ (
∧1
∗>1)
2) and X2 = Υ
−1(({−aB/bB}×
(
∧0
∗>1)S)⊕ (
∧1
∗>1)
2). This defines T n,α for all p ∈ S2Cˆ(zn) unless:
(i) aB = 0 and p ∈ Υ−1(({0} × (
∧0
∗>1)S)⊕ (
∧1
∗>1)
2); or
(ii) dB = 0 and p ∈ ∆−1(({0} × (
∧0
∗>1)S)⊕ (
∧1
∗>1)
2).
In case (i), we define
(5.16) T n,α(p) = ∆−1
(
a+ bz
c+ dz
, iθ+ǫ(c+ dz)n−1, iθ−ǫ−1(c+ dz)−n−1
)
,
for Υ(p) = (z, θ+, θ−) = (zS , θ+, θ−).
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In case (ii), we define
(5.17) T n,α(p) = Υ−1
(
cz + d
az + b
, −iθ+ǫ(az + b)n−1, −iθ−ǫ−1(az + b)−n−1
)
for ∆(p) = (z, θ+, θ−) = (zS , θ+, θ−).
Note that with this definition, T n,α is uniquely determined by T n,α∆ , i.e., by its
value on ∆(U∆). Or equivalently, T
n,α is uniquely determined by T n,αΥ , i.e., by its
value on Υ(UΥ).
The group of transformations determined by this action of SL(2,
∧0
∗−2)×GL(1,∧0
∗−2) is a subgroup of the group of automorphisms of S
2Cˆ(zn) for each n ∈ Z.
In fact it is a proper subgroup, but we do not need this fact here; see [B7] for a
proof of this fact in the case n = 0 and [B10] for the cases n 6= 0. By Lemma 5.1,
SL(2,
∧0
∗−2) × GL(1,
∧0
∗−2) also acts via N=2 superconformal automorphisms on
S2Cˆ(g), for g ∈ G, in the obvious way.
Lemma 5.2. Let m,n ∈ Z. If m 6= n, then S2Cˆ(zm) and S2Cˆ(zn) are N=2
superconformally inequivalent.
Proof. By first acting on S2Cˆ(zn) by a global N=2 superconformal transformation
T n,α for α ∈ SL(2,∧0∗−2), we can assume without loss of generality that F sends
the even component of the points (0, θ+, θ−), (1, θ+, θ−) and (∞, θ+, θ−) to the even
points 0, 1, and infinity, respectively. That is, in terms of the local coordinate charts
{(U∆m ,∆m), (UΥm ,Υm)} and {(U∆n ,∆n), (UΥn ,Υn)} for S2Cˆ(zm) and S2Cˆ(zn),
respectively, we have F (∆−1m (0, θ
+, θ−)) = ∆−1n (0, ρ
+, ρ−), F (∆−1m (1, θ
+, θ−)) =
∆−1n (1, ρ+, ρ−), and F (Υ−1m (0, θ+, θ−)) = Υ−1n (0, ρ+, ρ−).
Any N=2 superconformal equivalence that fixes these points is equivalent to
a redefinition of the coordinates in the local coordinate charts (UΥm ,Υm) and
(U∆m ,∆m) by automorphisms of the two copies of the N=2 superconformal plane
Υm(UΥm) and ∆m(U∆m) that preserve the even coordinate.
The automorphisms of the N=2 superconformal plane S2C that preserve the even
coordinate are of the form Tε+(z, θ
+, θ−) = (z, θ+ε+(z), θ−/ε+(z)) for ε+ ∈ E0 ≤ E .
Thus changing coordinates in the chart (UΥm ,Υm) of S
2Cˆ(zm) by Tε+ for ε
+ ∈ E0
and changing coordinates in the chart (U∆m ,∆m) of S
2Cˆ(zm) by Tε− for ε
− ∈ E0,
the new change of coordinates from (UΥm , Tε+ ◦ Υm) to (U∆m , Tε− ◦∆m) is given
by
(5.18)
Tε− ◦ Izm ◦ T−1ε+ (z, θ+, θ−) =
(
1
z
,
iθ+zm−1ε−(1z )
ε+(z)
,
iθ−ε+(z)
zm+1ε−(1z )
)
= Izn(z, θ
+, θ−)
for
(5.19) zn = zm
ε−(1z )
ε+(z)
.
Since ε−(z) ∈ E0, we have ε−(1/z) ∈ E∞. And since 1/ε+(z) is the inverse of
ε+(z) in E0, we have that ε−(1/z)/ε+(z) ∈ E0E∞ = E . But this implies zmE = znE
which implies that m = n. 
Lemmas 5.1 and 5.2 imply the following:
Corollary 5.3. There is a bijection between the set of N=2 superconformal equiv-
alence classes of N=2 super-Riemann spheres in {S2Cˆ(g) | g ∈ G} and the set
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G/E ∼= Z. In other words, the quotient group G/E classifies the N=2 superconfor-
mal structures of the form (5.2)-(5.4) over the Riemann sphere, and the moduli
space of such N=2 super-Riemann spheres is given by {S2Cˆ(zn) | n ∈ Z}.
5.2. The Uniformization Theorem for simply connected N=2 supercon-
formal and N=1 superanalytic super-Riemann surfaces.
Theorem 5.4. Any N=2 superconformal DeWitt super-Riemann surface with sim-
ply connected noncompact body is N=2 superconformally equivalent to the N=2 su-
per plane S2C or the N=2 super upper half-plane S2H. Any N=2 superconformal
DeWitt super-Riemann surface with genus-zero, simply connected compact body is
N=2 superconformally equivalent to one of the unique N=2 superconformal struc-
tures over the Riemann sphere {S2Cˆ(zn) | n ∈ Z}, where S2Cˆ(zn) is given explicitly
by the covering of local coordinate neighborhoods {U∆n, UΥn} and the local coordi-
nate maps
∆n : U∆n −→
∧0
∗>1 ⊕ (
∧1
∗>1)
2(5.20)
Υn : UΥn −→
∧0
∗>1 ⊕ (
∧1
∗>1)
2,(5.21)
which are homeomorphisms of U∆n and UΥn onto
∧0
∗>1⊕(
∧1
∗>1)
2, respectively,
such that
∆n ◦Υ−1n : (
∧0
∗>1)
× ⊕ (∧1∗>1)2 −→ (∧0∗>1)× ⊕ (∧1∗>1)2(5.22)
(z, θ+, θ−) 7→
(
1
z
,
iθ+
z
zn,
iθ−
z
z−n
)
.
In particular, the moduli space of simply connected N=2 superconformal DeWitt
super-Riemann surfaces under N=2 superconformal equivalence is isomorphic to
the moduli space of simply connected N=2 superconformal C∗>1(2)-supermanifolds
under N=2 superconformal equivalence.
Proof. SinceMB is simply connected, we have that both Hˇ
1(MB,L−1⊗TMB) and
Hˇ1(MB, TMB) are trivial; see for instance [Ha]. Thus by Theorem 4.1, M is given
by a coordinate atlas with coordinate transition functions of the form (4.1). By
the uniformization theorem for Riemann surfaces, we know that MB is conformally
equivalent to C, H or Cˆ. This implies that for the body there exist coordinate
redefinitions fα(∅) : (Ωα)(∅)((Uα)B) −→ C for α ∈ A such that the new atlas under
these coordinate transformations is equivalent to the standard coordinate atlas for
C, H, or Cˆ.
It remains to show that there exist N=2 superconformal coordinate redefinitions
that uniformize the body of M . Furthermore, we must show that we can further
reduce, under N=2 superconformal transformations, the coordinate atlas on M to
be of the form (5.2)–(5.4) for the compact case, and to be the usual coordinate
atlases on C and H with trivial transition functions in the soul directions in the
noncompact case.
Letting fα(∅) : (Ωα)(∅)((Uα)B) −→ C for α ∈ A be the coordinate redefinitions
of MB taking MB to C, H, or Cˆ, let H
α : (Ωα)(∅)((Uα)B) −→
∧0
∗×(
∧1
∗)
2 be
given by Hα(z, θ+, θ−) = (fα(∅)(z), θ
+(fα(∅))
′(z), θ−), for α ∈ A. Under these N=2
superconformal coordinate redefinitions, we see that M is N=2 superconformally
equivalent to an N=2 super-Riemann surface whose body is C, H, or Cˆ, respectively,
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and with atlas {(Uα,Ωα) | α ∈ A} with transition functions given by
(5.23) Hαβ(z, θ
+, θ−) = Ωα ◦ Ω−1β (z, θ+, θ−) = ((fαβ)(∅)(z), θ+g+αβ(z), θ−g−αβ(z))
for α, β ∈ A, and where each (fαβ)(∅)(z) is given by z in the case of MB = C and
MB = H, or by z or z
−1 in the case of MB = Cˆ, and where the g±αβ satisfy the
cocycle condition
(5.24) g±αγ(z
γ) = g±αβ(z
β)g±βγ(z
γ),
on the coordinate atlas {(Uα,Ωα)}α∈A, for all α, β, γ ∈ A with Uα ∩ Uβ ∩ Uγ 6= ∅.
Note that by the superconformal condition (4.2) the g−αβ are completely determined
by g+αβ.
Define retractible submanifold(s) of MB, each denoted by Mret, to be MB itself
if MB = C or H, to be Cˆ r {∞} or C× ∪ {∞} if MB = Cˆ. Writing the g±αβ for
α, β ∈ A in component form
(5.25) g+αβ(z) =
∑
(j)∈J0
∗−2
(g+αβ)(j)ζj1ζj2 · · · ζj2n ,
we note that the cocycle condition (5.24) at the zero level reduces to
(5.26) (g+αγ)(∅)(z
γ
(∅)) = (g
+
αβ)(∅)(z
β
(∅))(g
+
βγ)(∅)(z
γ
(∅)),
on the body of MB. On Mret ⊆ MB, this cohomology is trivial; that is, there
exists a global section which gives a trivialization of the line bundle associated to
these transition maps. Let hα : (Uα)B × C −→ C2 be the coordinate redefinitions
which trivialize this line bundle. Let Hα(∅) : Ωα(Uα) −→
∧0
∗>1⊕(
∧1
∗>1)
2 be given
byHα(z, θ+, θ−) = (z, θ+hα(z), θ−(hα(z))−1). With these coordinate redefinitions,
the new coordinate transition functions over any retractible submanifold Mret of
MB are of the form (4.1) with g
±
αβ of the form
(5.27) g±αβ(z) = 1 +
∑
(j)∈J0
∗−2r{(∅)}
(g±αβ)(j)ζj1ζj2 · · · ζj2n .
We will show by induction on n ∈ Z+ that we can set the soul components of
these g± terms equal to zero by N=2 superconformal coordinate redefinitions. For
n = 1, let (j) = (j1, j2) ∈ J0∗−2. The consistency equation (5.24) implies
(5.28) (g+αγ)(j)(z
γ
(∅)) = (g
+
βγ)(j)(z
γ
(∅)) + (g
+
αβ)(j)(z
β
(∅)).
This implies that (g+βγ)(j) is a cocycle in the first Cˇech cohomology of Mret. Since
Mret is retractible this cohomology is trivial, and there exists elements h(j) in the
zeroth cohomology of Mret, such that
(5.29) (g+βγ)(j) = (h(j))γ − (h(j))β .
For α ∈ A, define the N=2 superconformal coordinate transformation Hα(j) by
fα(z
α) = zα, g+α (z
α) = 1 + (h(j))α(z
α)ζj1ζj2 , g
−
α (z
α) = 1 − (h(j))α(zα)ζj1ζj2 and
ψ±α (z
α) = 0. That isHα(j)(z
α, (θ+)α, (θ−)α) = (zα, θ+(1+(h(j))α(zα)ζj1ζj2 ), θ−(1−
(h(j))α(z
α)ζj1ζj2)). Redefining the coordinates for the charts (Uα,Ωα) by the N=2
superconformal transformations Hα(j), for α ∈ A, such that the new coordinate
charts are (Uα, Ω˜α = H
α
(j) ◦ Ωα), we have that the new coordinate transformations
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H˜αβ = Ω˜α ◦ Ω˜−1β = Hα(j) ◦ Ωα ◦ Ω−1β ◦ (Hβ(j))−1, for α, β ∈ A, are now of the form
(z, θ+g˜+αβ(z), θ
−g˜−αβ(z)) with
(g˜±αβ)(∅) = 1(5.30)
(g˜+αβ)(j) = (g
+
αβ)(j) − (h(j))β + (h(j))α = 0(5.31)
(g˜−αβ)(j) = 0.(5.32)
For this new atlas ofMret, we again have the compatibility condition on the triple
overlaps, and thus the consistency condition (5.28) again holds on the components
of the new coordinate transformation functions, and we can perform the above
procedure again for a different (j) = (j1, j2) ∈ J0∗−2 without changing the fact that
the previous (g±αβ)(j) terms have been set equal to zero. Doing this repeatedly, we
can set the (g±αβ)(j) terms equal to zero for all (j) = (j1, j2) ∈ J0∗−2.
Now we make the inductive assumption: assume coordinate transformations have
been made such that the for the new g± terms, the components (g±αβ)(j) have been
set equal to zero for (j) = (j1, j2, . . . , j2k) ∈ J0∗−2, for k = 1, . . . , n−1. For this new
atlas, we again have the compatibility condition on the triple overlaps. Thus for
the ζj1 · · · ζj2n level of equation (5.24) applied to z(∅), we have that equation (5.28)
applies to these new g+(j)’s. Thus there exists h(j) in the zeroth cohomology of Mret
such that equation (5.29) holds for these terms.
For α ∈ A, define the N=2 superconformal transformation Hα(j) by fα(zα) =
zα, g+α (z
α) = 1 + (h(j))α(z
α)ζj1 · · · ζj2n , g−α (zα) = 1 − (h(j))α(zα)ζj1 · · · ζj2n , and
ψ±α (zα) = 0. Redefining the coordinates for the charts (Uα,Ωα) by the N=2 su-
perconformal transformations Hα(j), for α ∈ A, it is a straightforward calculation to
see that the new coordinate transformations are of the form (z, θ+g+(z), θ−g−(z))
with g±(∅) = 1 and g
±
(j) = 0. We perform this procedure of redefining the coordinate
charts for each (j) = (j1, . . . , j2n) ∈ J0∗−2, resulting in at atlas with coordinate
transition functions that have all the g±(j) components of length 2k for k = 1, . . . , n
equal to zero. By induction, we have that the g±αβ terms of the transition functions
on Mret are equal to the constant function 1.
In the case where MB = Mret, i.e., MB = C or H, this proves that M is
N=2 superconformally equivalent to S2C or S2H, respectively. In the case where
Mret = Cˆr{0} or Cˆr{∞}, we obtain an N=2 super-Riemann surface whose body
is Cˆ, and such that M is covered by two coordinate charts (U∆,∆) and (UΥ,Υ)
with coordinate transition function ∆ ◦Υ−1(z, θ+, θ−) = (z−1, θ+g+(z), θ−g−(z)),
for g+ an even superanalytic (1, 0)-superfunction defined and nonzero for all z ∈
(
∧0
∗−2)
×; in other words g+ ∈ G. The condition that the transition functions be
N=2 superconformal, and thus in particular, satisfy (2.29), implies that
(5.33)
−1
z2
= g+(z)g−(z).
Letting g(z) = −izg+(z), we have
(5.34) ∆ ◦Υ−1(z, θ+, θ−) = (z−1, iθ+g(z)/z, iθ−/(zg−(z))) = Ig(z, θ+, θ−).
Thus M is N=2 superconformally equivalent to S2Cˆ(g) for some g ∈ G. By Corol-
lary 5.3, the result follows. 
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It is easy to see that the classification of simply connected N=2 superconfor-
mal DeWitt super-Riemann surfaces up to N=2 superconformal equivalence in fact
coincides with the classification of holomorphic line bundles over the underlying
Riemann surface up to holomorphic equivalence. We can see this by observing that
holomorphic line bundles are classified by Hˇ1(MB,C
×). For MB simply connected,
this cohomology is trivial if MB is noncompact and Z if MB ∼= Cˆ.
One can see this bijective correspondence between simply connected N=2 super-
Riemann surfaces and holomorphic line bundles over MB ∼= Cˆ explicitly, by noting
that the N=2 super-Riemann sphere S2Cˆ(zn) for n ∈ Z has, as a substructure, the
GL(1,C)-bundle over Cˆ given by the transition function izn−1(∅) : C
× −→ C×, cor-
responding to the transition function for the first fermionic component of S2Cˆ(zn)
restricted to the fiber in the first component of θ+ = θ+(1)ζ1 + θ
+
(2)ζ2 + · · · . (Or
equivalently, one can restrict to any (j)-th component, for (j) ∈ J1∗>1.) Moreover,
the GL(1,C)-bundle over Cˆ with transition function izn−1(∅) : C
× −→ C×, for n ∈ Z,
picks out a unique S2Cˆ(zn). Under this bijection between equivalence classes of
N=2 super-Riemann surfaces and equivalence classes of holomorphic line bundles
over the body, the N=2 super-Riemann surface S2Cˆ(zn) corresponds to the holo-
morphic line bundle over Cˆ of degree −n+1. Thus we have the following corollary:
Corollary 5.5. N=2 superconformal DeWitt super-Riemann surfaces with simply
connected body MB are classified up to N=2 superconformal equivalence by holo-
morphic line bundles over MB up to conformal equivalence.
Using Proposition 3.1 and Corollary 4.2 we have the following corollary to The-
orem 5.4 and Corollary 5.5, which gives the uniformization for simply connected
N=1 superanalytic DeWitt super-Riemann surfaces:
Corollary 5.6. Any N=1 superanalytic DeWitt super-Riemann surface with simply
connected noncompact body is N=1 superanalytically equivalent to the N=1 super
plane S1C =
∧
∗>0 or the N=1 super upper half-plane S
1H. Any N=1 superan-
alytic DeWitt super-Riemann surface with genus-zero, simply connected compact
body is N=1 superanalytically equivalent to one of the unique N=1 superanalytic
structures over the Riemann sphere given explicitly by the covering of local coordi-
nate neighborhoods {U∆n , UΥn} and the local coordinate maps ∆n : U∆n −→
∧
∗>0
and Υn : UΥn −→
∧
∗>0, which are homeomorphisms of U∆n and UΥn onto
∧
∗>0,
respectively, such that
∆n ◦Υ−1n :
∧×
∗>0 −→
∧×
∗>0(5.35)
(z, θ) 7→
(
1
z
,
iθ
z
zn
)
.
In particular, the moduli space of simply connected N=1 superanalytic DeWitt
super-Riemann surfaces under N=1 superanalytic equivalence is isomorphic to the
moduli space of simply connected C∗>0(1)-supermanifolds under N=1 superanalytic
equivalence, and thus, is isomorphic to the moduli space of holomorphic line bundles
over a simply connected Riemann surface under holomorphic equivalence.
6. Uniformization for certain supermanifolds in the genus-one case
We note that Hˇ1(MB,L−1 ⊗ TMB) and Hˇ1(MB, TMB) are both non-trivial if
MB is a complex torus. Thus by Theorem 4.1 there are, in general, obstructions
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to uniformizing an N=2 superconformal DeWitt supertorus to one with transition
functions of the form (4.1), i.e., to a H∗>1(2)-supermanifold. In addition, there are
obstructions to further uniformizing an N=2 superconformal H∗>1(2)-supertorus
to a C∗>1(2)-supermanifold. However, we can analyze the moduli space of genus-
one N=2 superconformal DeWitt super-Riemann surfaces which have coordinate
transition functions that correspond to the trivial cocycles in Hˇ1(MB,L−1⊗TMB)
and Hˇ1(MB, TMB). In this section, we show that these supertori are classified
up to N=2 superconformal equivalence, by holomorphic line bundles over the un-
derlying complex torus, up to holomorphic equivalence. Using the correspondence
between N=2 superconformal and N=1 superanalytic super-Riemann surfaces given
by Proposition 3.1, this implies that N=1 superanalytic supertori corresponding to
the trivial cocycles are also classified by holomorphic line bundles over the under-
lying complex torus, up to holomorphic equivalence.
6.1. The moduli space of complex tori, automorphisms, and theta func-
tions. In this section we present some standard facts about complex tori and theta
functions, following for example [Br], [Mir], [Deb]. Throughout this section and this
section only, z denotes a complex variable rather than an even supervariable.
Let τ ∈ H, and let Γτ = Z⊕ τZ. The group Γτ acts on C by translation, and the
quotient C/Γτ defines a complex torus, also known as an elliptic curve. The moduli
space (up to conformal equivalence) of complex tori is given by PSL(2,Z)\H, where
the action of PSL(2,Z) on H is given by
(6.1)
(
a b
c d
)
· τ = aτ + b
cτ + d
for a, b, c, d ∈ Z satisfying ad− bc = 1. From now on, when we refer to a lattice Γτ
for some τ ∈ H, it is implied that we mean the equivalence class of τ in the moduli
space PSL(2,Z)\H.
Let ωn be a primitive n-th root of unity for n ∈ Z+. The group of automorphisms
for a complex torus C/Γτ are given by translations by elements of Γτ along with the
following groups written multiplicatively and acting on C/Γτ via multiplication:
(i) 〈ω4〉 = {ωk4 | 1 ≤ k ≤ 4} if τ = i;
(ii) 〈ω6〉 = {ωk6 | 1 ≤ k ≤ 6} if τ = e2pii/3;
(iii) 〈ω2〉 = {1,−1} otherwise.
Now fix τ ∈ H. Let πτ : C −→ C/Γτ be the canonical projection map. Let
{((Uα)B, (Ωα)B)}α∈A be a coordinate atlas on C/Γτ given by taking π−1τ ((Uα)B)
to be an open set in C such that γ1(π
−1
τ ((Uα)B))∩γ2(π−1τ ((Uα)B)) = ∅ for distinct
γ1, γ2 ∈ Γτ . Then the coordinate transition functions for the chart on C/Γτ are
given by translation by elements of the lattice Γτ .
A theta function associated to Γτ , denoted ϑτ , is an entire function on C that
is not identically zero such that for each γ ∈ Γτ there exist constants aγ , bγ ∈ C
satisfying
(6.2) ϑτ (z + γ) = e
2pii(aγz+bγ )ϑτ (z) for all γ ∈ Γτ and z ∈ C.
The constants {aγ , bγ}γ∈Γτ are called the type of the theta function ϑτ , and are
equivalently defined as maps
(6.3)
a : Γτ −→ C b : Γτ −→ C
γ 7→ aγ γ 7→ bγ
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satisfying
aγ1+γ2 = aγ1 + aγ2(6.4)
bγ1+γ2 = (bγ1 + bγ2 + aγ1γ2)mod Z,(6.5)
for all γ1, γ2 ∈ Γτ . Thus we can also refer to the type of the theta function as the
pair of maps (a, b).
Let {gγ : C −→ C×}γ∈Γτ be a set of holomorphic functions which satisfy the
condition
(6.6) gγ1+γ2(z) = gγ2(z)gγ1(z + γ2) for all γ1, γ2 ∈ Γτ and z ∈ C.
Then
(6.7) gγ(z) =
ϑτ (z + γ)
ϑτ (z)
= e2pii(aγz+bγ )
for some theta function ϑτ of type (a, b). If ϑτ and ϑ˜τ are of the same type, then
they define the same function gγ via (6.7).
Let Θτ denote the space of theta functions associated to Γτ = Z ⊕ τZ modulo
equivalence up to type. Note that Θτ is a group under point-wise multiplication.
A theta function ϑτ associated to Γτ is called trivial if it is of the form
(6.8) ϑτ (z) = e
az2+bz+c for some a, b, c ∈ C.
These are the theta functions that never vanish, and thus for such a ϑτ , we have
that ϑτ (z + γ)/ϑτ (z) = e
2azγ+aγ2+bγ is a nonvanishing entire function on C. A
trivial theta function given by (6.8) is of type {aγ , bγ}γ∈Γ where aγ = −ipi aγ and
bγ =
−i
2pi (bγ + aγ
2).
Let Tτ denote the set of trivial theta functions associated to Γτ modulo equiv-
alence up to type. Then Tτ is in fact a subgroup of Θτ . Two theta functions are
said to be equivalent if their quotient is a trivial theta function. Thus the quotient
group Θτ/Tτ is the moduli space of theta functions up to type modulo equivalence
with respect to the trivial theta functions. This space is often referred to as the
set of normalized theta functions up to type, and such theta functions are often
expressed uniquely via a pair consisting of a Hermitian form associated to the Rie-
mann form of the theta function and a map α : Γτ −→ U(1,C); this pair is called
the Appell-Humbert data of the theta function [Br], [Deb].
6.2. A family of inequivalent N=2 superconformal structures over C/Γτ .
An N=2 superconformal structure over C/Γτ is an N=2 superconformal DeWitt
super-Riemann surfaceM with bodyMB = C/Γτ , such that if {((Uα)B, (Ωα)B}α∈A
is the coordinate atlas for C/Γτ as given in the previous section, then M is covered
by coordinate charts {(Uα,Ωα)}α∈A where Ωα : Uα −→
∧0
∗>1⊕(
∧1
∗>1)
2 maps Uα
onto (Ωα)B((Uα)B) × (
∧0
∗>1)S ⊕ (
∧1
∗>1)
2 and the coordinate transition functions
Ωα ◦ Ω−1β are N=2 superconformal for all α, β ∈ A.
Remark 6.1. The group of automorphisms of C/Γτ extend to M by acting via
H(z, θ+, θ−) = (z + γ, θ+, θ−) on translations, for γ ∈ Γτ and by H(z, θ+, θ−) =
(ωz, ωθ+, θ−) for multiplicative automorphisms with ω ∈ C×.
Definition 6.2. A super-theta function on
∧0
∗ associated to Γτ , denoted, Sϑτ is
an even superanalytic function Sϑτ :
∧0
∗ −→
∧0
∗ satisfying
(6.9) Sϑτ (z + γ) = e
2pii(aγz+bγ )Sϑτ (z) for all γ ∈ Γτ and z ∈
∧0
∗.
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where
(6.10)
a : Γτ −→
∧0
∗ b : Γτ −→
∧0
∗
γ 7→ aγ γ 7→ bγ
are even superfunctions on Γτ satisfying
aγ1+γ2 = aγ1 + aγ2(6.11)
bγ1+γ2 = (bγ1 + bγ2 + aγ1γ2)mod Z,(6.12)
for all γ1, γ2 ∈ Γτ . The pair of maps (a, b) on Γτ with values in
∧0
∗ is called the
type of the super-theta function.
A trivial super-theta function on
∧0
∗ associated to Γτ is one whose image lies in
(
∧0
∗)
×.
In [FrR], Freund and Rabin introduce a notion of super-theta function. However,
their notion is different than ours given here, in that they are interested in extending
the notion of a classical theta function ϑτ (z) to ϑτ+θδ(z) where z is a complex
variable θ is an odd super variable and δ is an odd parameter. Rather, we are
interested in extending the classical notion of theta function to one whose range is
in
∧0
∗, by extending the maps (a, b) which define the type of the theta function to
be even functions on the lattice rather than just complex-valued functions on the
lattice. (Note that in addition, we extend the domain to
∧0
∗>1, but this is trivially
done via (2.1)).
Remark 6.3. Let Sϑτ be a super-theta function on
∧0
∗ of type (a, b) as in Definition
6.2. Writing a and b as
(6.13) a =
∑
(j)∈J0∗
a(j)ζj1 · · · ζjn and b =
∑
(j)∈J0∗
b(j)ζj1 · · · ζjn
we have from (6.11) and (6.12) that
aγ1+γ2,(j) = aγ1,(j) + aγ2,(j)(6.14)
bγ1+γ2,(j) = (bγ1,(j) + bγ2,(j) + aγ1,(j)γ2)mod Z,(6.15)
for all γ1, γ2 ∈ Γτ and (j) ∈ J0∗ . Thus a super-theta function on
∧0
∗ of type (a, b),
is equivalent to a 2∗−1-tuple (θτ,(∅), θτ,(12), θτ,(13), . . . , θτ,(1234), . . . ) where θτ,(j) for
(j) ∈ J0∗ is an ordinary theta function of type (a(j), b(j)).
Remark 6.4. Let πB :
∧0
∗ −→ C denote the canonical projection onto the body
of
∧0
∗ = (
∧0
∗)B ⊕ (
∧0
∗)S . The trivial super-theta functions on
∧0
∗ are exactly those
super-theta functions such that the theta function (Sϑτ )B(zB) = πB ◦ Sϑτ (zB) is
a trivial theta function.
Let M be an N=2 superconformal DeWitt super-Riemann surface with MB =
C/Γτ . For the remainder of this section, we restrict to the case when the coordinate
transition functions for M have their ψ± components and the soul part of their f
components equal to zero; that is, they are of the form
(6.16) Hγ(z, θ
+, θ−) = (z + γ, θ+gγ(z), θ−(gγ(z))−1)
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for γ ∈ Γτ , and thus M is a H∗>1(2)-supermanifold. Then the compatibility condi-
tion on triple overlaps imposes the following condition on the transition functions
Hγ1+γ2(z, θ
+, θ−)(6.17)
= Hγ1 ◦Hγ2(z, θ+, θ−)
= (z + γ1 + γ2, θ
+gγ2(z)gγ1(z + γ2), θ
−(gγ2(z)gγ1(z + γ2))
−1),
which implies that the even superanalytic functions gγ(z) for γ ∈ Γτ must satisfy
(6.18) gγ1+γ2(z) = gγ2(z)gγ1(z + γ2) for all γ1, γ2 ∈ Γτ and z ∈
∧0
∗>1.
Conversely, any family of even superanalytic functions gγ :
∧0
∗>1 −→ (
∧0
∗>1)
× for
γ ∈ Γτ satisfying (6.18) defines an N=2 superconformal structure on C/Γτ in this
way.
Lemma 6.5. The solutions to equation (6.18) are given by
(6.19) gγ(z) =
Sϑτ (z + γ)
Sϑτ (z)
= e2pii(aγz+bγ)
where Sϑτ is a super-theta function on
∧0
∗−2 associated to Γτ of type (a, b).
Proof. Writing gγ in component form, we have
(6.20) gγ(z) =
∑
(j)∈J0
∗−2
(gγ)(j)(z)ζj1ζj2 · · · ζj2n .
Restricting to z(∅) ∈ C, this imposes the condition
(6.21) (gγ1+γ2)(∅)(z(∅)) = (gγ2)(∅)(z(∅))(gγ1)(∅)(z(∅) + γ2) for all γ1, γ2 ∈ Γτ
on the complex analytic functions (gγ)(∅) : C −→ C×. This implies that there is a
theta function ϑτ : C −→ C associated to Γτ such that
(6.22) (gγ)(∅)(z(∅)) =
ϑτ (z(∅) + γ)
ϑτ (z(∅))
= e2pii(aγ,(∅)z(∅)+bγ,(∅))
where (aγ,(∅), bγ,(∅))γ∈Γτ = (a(∅), b(∅)) is the type of ϑτ .
Writing gγ(z) = e
2piihγ(z), we have that the condition (6.18) is equivalent to the
condition
(6.23) hγ1+γ2(z) = hγ2(z) + hγ1(z + γ2) for all γ1, γ2 ∈ Γτ ,
and expanding hγ in component form, we have that for each (j) ∈ J0∗−2
(6.24) hγ1+γ2,(j)(z(∅)) = hγ2,(j)(z(∅)) + hγ1,(j)(z(∅) + γ2) for all γ1, γ2 ∈ Γτ .
Then the fact that any solution to (6.21) is of the form (6.22), implies that any
solution to (6.24) is of the form
(6.25) hγ,(j)(z(∅)) = aγ,(j)z(∅) + bγ,(∅)
for some
(6.26)
a(j) : Γτ −→ C b(j) : Γ −→ C
γ 7→ aγ,(j) γ 7→ bγ,(j)
maps satisfying
aγ1+γ2,(j) = aγ1,(j) + aγ2,(j)(6.27)
bγ1+γ2,(j) = (bγ1,(j) + bγ2,(j) + aγ1,(j)γ2)mod Z.(6.28)
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for all γ1, γ2 ∈ Γτ . Letting a =
∑
(j)∈J0
∗−2
a(j)ζj1 · · · ζjn and b =
∑
(j)∈J0
∗−2
b(j)ζj1 · · ·
·ζjn , the result follows. 
Let S∗Θτ denote the set of super-theta functions on
∧0
∗−2 associated to Γτ mod-
ulo equivalence up to type. This set is a group under point-wise multiplication. Let
S∗Tτ denote the subgroup of S∗Θτ consisting of the trivial super-theta functions.
If M is an N=2 superconformal DeWitt super-Riemann surface over
∧
∗>1, with
body C/Γτ and with transition functions of the form (6.16), then this structure
defines a super-theta function over
∧0
∗−2 associated to Γτ which is unique up to
type. Conversely, given a super-theta function Sϑτ over
∧0
∗−2 associated to Γτ ,
then (6.16) and (6.19) define the transition functions for an N=2 superconformal
DeWitt super-Riemann surface over
∧
∗>1, with body C/Γτ .
Denote by S2Tτ (Sϑτ ) the N=2 superconformal DeWitt super-Riemann surface
over
∧
∗>1, with body C/Γτ and with transition functions determined by the super-
theta function Sϑτ ∈ S∗Θτ . That is, the transition functions for S2Tτ (Sϑτ ) are
given by
(6.29) Hγ(z, θ
+, θ−) =
(
z + γ, θ+
Sϑτ (z + γ)
Sϑτ (z)
, θ−
Sϑτ (z)
Sϑτ (z + γ)
)
for γ ∈ Γτ .
Lemma 6.6. Let Sϑ
(1)
τ , Sϑ
(2)
τ ∈ S∗Θτ be two super-theta functions on
∧0
∗−2 as-
sociated to Γτ . If Sϑ
(1)
τ (z) = Sϑ
(2)
τ (z)SϑTτ (z) for some trivial super-theta func-
tion SϑTτ ∈ S∗Tτ , then the N=2 superconformal DeWitt super-Riemann surfaces
over C/Γτ uniquely determined by Sϑ
(1)
τ and Sϑ
(2)
τ , respectively, and denoted by
S2Tτ (Sϑ
(1)
τ ) and S2Tτ (Sϑ
(2)
τ ), respectively, are N=2 superconformally equivalent.
Proof. If SϑTτ is a trivial super-theta function, then Sϑ
T
τ ∈ E0, and we have an auto-
morphism of the N=2 superconformal plane S2C that preserves the even coordinate
given by T (z, θ+, θ−) = (z, θ+SϑTτ (z), θ
−/SϑTτ (z)).
The transition functions for the N=2 superconformal DeWitt super-Riemann
surface S2Tτ (Sϑ
(j)
τ ) are given by H
(j)
γ (z, θ+, θ−) = (z+γ, θ+g
(j)
γ (z), θ−(g
(j)
γ (z))−1)
where g
(j)
γ (z) = Sϑ
(j)
τ (z+γ)/Sϑ
(j)
τ (z), for j = 1, 2, respectively. Thus if Sϑ
(1)
τ (z) =
SϑTτ (z)Sϑ
(2)
τ (z), then g
(1)
γ (z) = g
(2)
γ (z)SϑTτ (z + γ)/Sϑ
T
τ (z), and we have
H(1)γ (z, θ
+, θ−) = (z + γ, θ+g(1)γ (z), θ
−(g(1)γ (z))
−1)(6.30)
=
(
z + γ, θ+
g
(2)
γ (z)SϑTτ (z + γ)
SϑTτ (z)
, θ−
SϑTτ (z)
g
(2)
γ (z)SϑTτ (z + γ)
)
= T−1 ◦H(2)γ ◦ T (z, θ+, θ−).
Therefore the automorphism of the N=2 superplane T lifts to an N=2 supercon-
formal bijection from S2Tτ (Sϑ
(1)
τ ) to S2Tτ (Sϑ
(2)
τ ). 
Lemma 6.7. We have that S∗Θτ/S∗Tτ ∼= Θτ/Tτ . That is, the group of super-theta
functions on
∧0
∗−2 associated to Γτ up to type modulo the subgroup of trivial super-
theta functions is isomorphic to the group of theta functions associated to Γτ up to
type modulo the subgroup of trivial theta functions.
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Proof. Let S∗ϑτ ∈ S∗Θτ be of type (a, b) for functions (a, b) of the form (6.10)
satisfying (6.11) and (6.12). Let a = aB + aS and b = bB + bS be the body and
soul decompositions of the functions a and b, respectively. That is aB = πB ◦a and
aS = πS ◦ a, for πB :
∧0
∗ −→ C and πS :
∧0
∗ −→ (
∧0
∗)S the canonical projections
onto the body and soul, respectively, of
∧0
∗ = (
∧0
∗)B ⊕ (
∧0
∗)S , and similarly for b.
From Remark 6.4, we have that the super-theta function of type (aS , bS) is
trivial. Denoting this trivial super-theta function by SϑTτ , we have
(6.31)
Sϑτ (z + γ)
SϑTτ (z + γ)
= e2pii(aB,γz+bB,γ)
Sϑτ (z)
SϑTτ (z)
implying that Sϑτ/Sϑ
T
τ is a theta function. 
Lemmas 6.6 and 6.7 imply that any N=2 superconformal supertorus with transi-
tion functions restricted to be of the form (6.16) (or equivalently transition functions
whose ψ± and soul f components correspond to the zero cocycles in Hˇ(MB,L−1⊗
TMB) and Hˇ(MB, TMB), respectively) is N=2 superconformally equivalent to
S2Tτ (ϑτ ) for some ϑτ ∈ Θτ/Tτ . The following lemma, will allow us to conclude
that these are in fact representatives of distinct N=2 superconformal equivalence
classes.
Lemma 6.8. Let ϑ
(1)
τ , ϑ
(2)
τ ∈ Θτ be two theta functions associated to Γτ up to type.
If ϑ
(1)
τ Tτ 6= ϑ(2)τ Tτ (that is, the ratio of ϑ(1)τ to ϑ(2)τ is not a trivial theta function)
then the N=2 super-Riemann surfaces over C/Γτ uniquely determined by ϑ
(1)
τ and
ϑ
(2)
τ , respectively, and denoted by S2Tτ (ϑ
(1)
τ ) and S2Tτ (ϑ
(2)
τ ), respectively, are N=2
superconformally inequivalent.
Proof. Let F : S2Tτ (ϑ
(1)
τ ) −→ S2Tτ (ϑ(2)τ ) be an N=2 superconformal equivalence.
By Remark 6.1, acting on S2Tτ (ϑ
(1)
τ ) by global automorphisms, we can assume
without loss of generality that F restricted to C/Γτ is the identity. Thus F is a
transformation from the fiber bundle over C/Γτ defined by S
2Tτ (ϑ
(1)
τ ) to the fiber
bundle over C/Γτ defined by S
2
Tτ (ϑ
(2)
τ ). Then to keep the even component of the
transition functions equal to z + γ and the ψ± components equal to zero, F must
be of the form F (z, θ+, θ−) = (z, θ+ε+(z), θ−(ε+(z))−1), for some ε+ ∈ E0 ∩ S∗Tτ .
Moreover, the transition functions for the N=2 super-Riemann surface S2Tτ (ϑ
(j)
τ )
are given by H
(j)
γ (z, θ+, θ−) = (z + γ, θ+g
(j)
γ (z), θ−(g
(j)
γ (z))−1) where g
(j)
γ (z) =
ϑ
(j)
τ (z + γ)/ϑ
(j)
τ (z), for j = 1, 2, respectively, and F must satisfy
(6.32) H(1)γ (z, θ
+, θ−) = F−1 ◦H(2)γ ◦ F (z, θ+, θ−),
i.e.,
(6.33) (z + γ, θ+g(1)γ (z), θ
−(g(1)γ (z))
−1)
=
(
z + γ, θ+
g
(2)
γ (z)ε+(z + γ)
ε+(z)
, θ−
ε+(z)
g
(2)
γ (z)ε+(z + γ)
)
.
Thus ε+ ∈ Tτ , and ϑ(1)τ (z)Tτ = ϑ(2)τ (z)Tτ . 
In the case of MB a complex torus, the Appell-Humbert Theorem states that
the holomorphic line bundles over C/Γτ are classified by Θτ/Tτ , that is by theta
functions associated to Γτ up to type and equivalence by a trivial theta function
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cf. [Br]. The bijection between equivalence classes of N=2 superconformal DeWitt
super-Riemann surfaces over a given torus with coordinate transition functions of
the form (6.16) and equivalence classes of holomorphic line bundles over this torus
is given explicitly, for instance, by restricting to one of the (j)-th components, for
(j) ∈ J1∗>1, of the first fermionic component, i.e., the θ+ term. Thus from Lemmas
6.6, 6.7, and 6.8 we have the following theorem:
Theorem 6.9. The N=2 superconformal equivalence classes of N=2 superconfor-
mal DeWitt super-Riemann surfaces with body C/Γτ , and which have coordinate
transition functions of the form (6.16), are in one-to-one correspondence with theta
functions associated to Γτ of a given type up to equivalence by the trivial theta func-
tions. That is, these N=2 superconformal super-Riemann surfaces are classified up
to N=2 superconformal equivalence by Θτ/Tτ ∼= {S2Tτ (ϑτ ) | ϑτ ∈ Θτ/Tτ}, or
equivalently by holomorphic line bundles over C/Γτ up to holomorphic equivalence.
Similarly, N=1 superanalytic DeWitt super-Riemann surfaces with body C/Γτ
and which are also H∗>0(1)-supermanifolds and such that the even transition func-
tion is just z + γ, are in one-to-one correspondence with theta functions associated
to Γτ of a given type up to equivalence by the trivial theta functions. That is, these
N=1 superanalytic super-Riemann surfaces are classified up to N=1 superanalytic
equivalence by holomorphic line bundles over C/Γτ up to holomorphic equivalence.
7. The nonhomogeneous N=2 superconformal coordinates and an
interpretation of uniformization in terms of loop groups
In this section, we transfer some of our results to the nonhomogeneous N=2
supercoordinates since there are many results in N=2 superconformal field theory
that employ this coordinate system. This setting is also convenient for giving an
interpretation of the Uniformization Theorems 5.4 and 6.9 in terms of GL(1) loop
groups over
∧0
∗>1 as we do in Section 7.2.
7.1. N=2 superconformal structures over Cˆ and over C/Γτ in nonhomoge-
neous coordinates. In the nonhomogeneous coordinate system, the uniformized
N=2 superconformal superspheres S2Cˆ(zn), for n ∈ Z, are given by the covering of
local coordinate neighborhoods {U∆n, UΥn} and the local coordinate maps ∆n and
Υn which are homeomorphisms of U∆n and UΥn onto
∧0
∗>1⊕(
∧1
∗>1)
2, respectively,
such that ∆n ◦Υ−1n : (
∧0
∗>1)
× ⊕ (∧1∗>1)2 −→ (∧0∗>1)× ⊕ (∧1∗>1)2 is given by
(7.1) ∆n ◦Υ−1n (z, θ1, θ2) =
(
1
z
,
iθ1
2z
(
zn + z−n
)− θ2
2z
(
zn − z−n) ,
θ1
2z
(
zn − z−n)+ iθ2
2z
(
zn + z−n
))
.
For an N=2 superconformal super-Riemann surface with body C/Γτ and with
transition functions in the homogeneous coordinate system given byHγ(z, θ
+, θ−) =
(z + γ, θ+gγ(z), θ
−(gγ(z))−1) for gγ(z) = e2pii(aγz+bγ) = ϑτ (z + γ)/ϑτ (z) with
ϑτ ∈ Θτ/Tτ , we have that in the nonhomogeneous coordinate system the transition
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functions are of the form
Hγ(z, θ1, θ2)(7.2)
=
(
z + γ,
θ1
2
(
gγ(z) +
1
gγ(z)
)
+
iθ2
2
(
gγ(z)− 1
gγ(z)
)
,
−iθ1
2
(
gγ(z)− 1
gγ(z)
)
+
θ2
2
(
gγ(z) +
1
gγ(z)
))
= (z + γ, θ1 cosh(2πi(aγz + bγ)) + iθ2 sinh(2πi(aγz + bγ)),
iθ1 sinh(2πi(aγz + bγ)) + θ2 cosh(2πi(aγz + bγ)))
From (7.1) and (7.2), it seems that the view from the homogeneous coordinate
system is far less opaque than that from the nonhomogeneous system. However,
as we shall see in Section 7.2, the nonhomogeneous coordinate setting does give
us an intuitive explanation for the classification of genus-zero N=2 superconformal
DeWitt super-Riemann surfaces, and genus-one N=2 superconformal DeWitt super-
Riemann surfaces corresponding to the trivial cocycles in Hˇ1(MB,L−1⊗TMB) and
Hˇ1(MB, TMB), that we obtained in Sections 5.2 and 6.2.
7.2. N=1 superconformal DeWitt super-Riemann surfaces, affine u(1)
and the GL(1) loop group over
∧0
∗>1. Much of the interpretation below was
inspired in part by discussions the author had with Yi-Zhi Huang.
Recall that an N=1 superconformal DeWitt super-Riemann surface is a DeWitt
(1, 1)-dimensional supermanifold for which the transition functions, in addition to
being superanalytic are N=1 superconformal. As proved in [B4], the Lie super-
algebra of infinitesimal N=1 superconformal transformations is given by the su-
perderivations
Ln(z, θ) = −
(
zn+1
∂
∂z
+ (
n+ 1
2
)znθ
∂
∂θ
)
(7.3)
Gn− 12 (z, θ) = −z
n
( ∂
∂θ
− θ ∂
∂z
)
(7.4)
for n ∈ Z. Define the N=1 Neveu-Schwarz algebra to be the Lie superalgebra
with basis consisting of the central element d, even elements Ln, and odd elements
Gn+1/2 for n ∈ Z, satisfying the supercommutation relations
[Lm, Ln] = (m− n)Lm+n + 1
12
(m3 −m)δm+n,0 d,(7.5) [
Lm, Gn+ 12
]
=
(
m
2
− n− 1
2
)
Gm+n+ 12 ,(7.6) [
Gm+ 12 , Gn− 12
]
= 2Lm+n +
1
3
(m2 +m)δm+n,0 d,(7.7)
for m,n ∈ Z. It is straightforward to check that the superderivations (7.3), (7.4)
give a representation of the N=1 Neveu-Schwarz Lie superalgebra with central
charge zero.
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As proved in [B7], the Lie superalgebra of infinitesimal N=2 superconformal
transformations in the nonhomogeneous coordinate system is given by the su-
perderivations
Ln(z, θ1, θ2) = −
(
zn+1
∂
∂z
+ (
n+ 1
2
)zn
(
θ1
∂
∂θ1
+ θ2
∂
∂θ2
))
(7.8)
Jn(z, θ1, θ2) = iz
n
(
θ1
∂
∂θ2
− θ2 ∂
∂θ1
)
(7.9)
G
(1)
n− 12
(z, θ1, θ2) = −
(
zn
( ∂
∂θ1
− θ1 ∂
∂z
)
− nzn−1θ1θ2 ∂
∂θ2
)
(7.10)
G
(2)
n− 12
(z, θ1, θ2) = −
(
zn
( ∂
∂θ2
− θ2 ∂
∂z
)
+ nzn−1θ1θ2
∂
∂θ1
)
(7.11)
for n ∈ Z. Define the N=2 Neveu-Schwarz algebra to be the Lie superalgebra with
basis consisting of the central element d, even elements Ln, Jn, and odd elements
G
(j)
n+1/2, for n ∈ Z, j = 1, 2, satisfying the super commutation relations
[Lm, Ln] = (m− n)Lm+n + 1
12
(m3 −m)δm+n,0 d,(7.12) [
Lm, G
(j)
n+ 12
]
=
(
m
2
− n− 1
2
)
G
(j)
m+n+ 12
,(7.13)
[
G
(j)
m+ 12
, G
(j)
n− 12
]
= 2Lm+n +
1
3
(m2 +m)δm+n,0 d,(7.14) [
G
(1)
m+ 12
, G
(2)
n− 12
]
= −i(m− n+ 1)Jm+n,(7.15)
[Jm, Jn] =
1
3
mδm+n,0d, [Lm, Jn] = −nJm+n,(7.16) [
Jm, G
(1)
n+ 12
]
= −iG(2)
m+n+ 12
,
[
Jm, G
(2)
n+ 12
]
= iG
(1)
m+n+ 12
,(7.17)
for m,n ∈ Z, j = 1, 2. It is straightforward to check that the superderivations
(7.8)–(7.11) give a representation of the N=2 Neveu-Schwarz Lie superalgebra with
central charge zero.
Thus the N=2 Neveu-Schwarz Lie superalgebra has two copies of the N=1 Neveu-
Schwarz Lie superalgebra (given by the Ln’s and G
(j)
n−1/2’s, for j = 1 or j = 2) along
with a copy of a u(1) affine Lie algebra running between them given by the Jn’s.
Remark 7.1. Defining G±
n+ 12
= 1√
2
(G
(1)
n+ 12
∓ iG(2)
n+ 12
), and rewriting the super-
commutation relations between Jn and G
±
n+ 12
in terms of this new basis, we find
that [Jm, G
±
n+ 12
] = ±G±
m+n+ 12
. We call the basis {Ln, Jn, G±n+ 12 , d | n ∈ Z} the
homogeneous basis for the N=2 Neveu-Schwarz algebra. Performing the change
of variables (2.19) from nonhomogeneous coordinates to homogeneous coordinates,
we have that the corresponding superderivations (7.8)–(7.11), give a representation
of the N=2 Neveu-Schwarz Lie superalgebra in the homogeneous basis. And here
we see another motivation for our terminology: in the homogeneous basis, the J0
term has homogeneous supercommutation relations with G±
n+ 12
. Through the expo-
nentiation of infinitesimal N=2 superconformal transformations, this results in the
relative simplicity of the change of coordinate formulas in the homogeneous case
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versus the nonhomogeneous case for genus-zero (7.1) and restricted genus-one (7.2)
uniformized N=2 super-Riemann surfaces.
Another way of viewing the relationship between the N=1 and N=2 Neveu-
Schwarz Lie superalgebras realized as superderivations, is by considering that the
superderivations (7.3) and (7.4) along with
(7.18) Jn(z, θ) = z
nθ
∂
∂θ
and G∗n− 12 (z, θ) = iz
n
(
∂
∂θ
+ θ
∂
∂z
)
for n ∈ Z, also give a representation of the N=2 Neveu-Schwarz Lie superalgebra
with central charge zero; see [B9]. (Note that G∗
n− 12
(z, θ) = Gn− 12 (z, iθ).) As
shown in [B9], these superderivations generate the algebra of all N=1 superanalytic
coordinate transformations, and these are generated by (7.3) and (7.4) along with
the zero term of the affine u(1), namely J0(z, θ) = θ
∂
∂θ .
From the fact that the N=2 Neveu-Schwarz Lie superalgebra of infinitesimal N=2
superconformal transformations contains two subalgebras of infinitesimal N=1 su-
perconformal transformations, which give rise to N=1 superconformal submanifold
structures for certain N=2 super-Riemann surfaces, one can in some intuitive sense,
think of the N=2 superconformal moduli space as arising from two copies of the
N=1 superconformal moduli space with an exponentiated copy of affine u(1) run-
ning between them.
More specifically, by the classification of N=1 superconformal DeWitt super-
Riemann surfaces in [CR], up to N=1 superconformal equivalence, there is only one
N=1 superconformal structure over C, H, and Cˆ, respectively. The unique equiva-
lence class of N=1 superconformal DeWitt super-Riemann surfaces with compact
genus-zero body is given by two coordinate charts {(U∆,∆), (UΥ,Υ)} and local co-
ordinate maps ∆ : U∆ −→
∧
∗>0 and Υ : UΥ −→
∧
∗>0 which are homeomorphisms
of U∆ and UΥ onto
∧
∗>0, respectively, such that ∆ ◦ Υ−1 :
∧×
∗>0 −→
∧×
∗>0 is
given by ∆ ◦Υ−1(z, θ) = (1/z, iθ/z). We denote this genus-zero N=1 superconfor-
mal DeWitt super-Riemann surface by S1Cˆ(1). The N=2 superconformal DeWitt
super-Riemann surface S2Cˆ(1), has two embeddings of S1Cˆ(1), given by the iden-
tity mapping on the even subspace (the body and the even fiber component) and
identifying the one fermionic component of S1Cˆ(1) with the fiber corresponding to
either the first or the second fermionic component of S2Cˆ(1).
In the genus-one case, the classification of N=1 superconformal DeWitt super-
Riemann surfaces over a complex torus C/Γτ was given in [CR] (see also [FrR],
[Ho]). The N=1 superconformal transition functions Hγ(z, θ) are given by:
Hm+nτ (z, θ) = (z +m+ nb, ǫ
m
1 ǫ
n
2 θ) (nontrivial spin structure)(7.19)
Hm+nτ (z, θ) = (z +m+ nb+ nθδ, θ + nδ) (trivial spin structure)(7.20)
for m,n ∈ Z, where b ∈ ∧0∗−1 with bB = τ , δ ∈ ∧1∗−1, and (ǫ1, ǫ2) = (±1,∓1) or
(−1,−1). The first case corresponding to the nontrivial spin structure results in
one distinct N=1 superconformal equivalence class for each b ∈ ∧0∗−1 with bB = τ .
The family of distinct N=1 superconformal equivalence classes in the case of trivial
spin structure is parameterized by bS = b− τ ∈ (
∧0
∗−1)S and δ ∈
∧1
∗−1 / < ±1 >.
The N=1 superconformal DeWitt super-Riemann surface with trivial spin struc-
ture and with b = bB = τ and δ = 0 is an N=1 superconformal submanifold of
the N=2 superconformal DeWitt super-Riemann surface S2Tτ (1) with two unique
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embeddings given by mapping the N=1 fermionic component onto either the first
or the second N=2 fermionic component for this trivial (
∧0
∗>1)S × (
∧1
∗>1)
2-bundle
over C/Γτ .
The N=1 superconformal DeWitt super-Riemann surfaces with nontrivial spin
structure and with b = bB = τ are N=1 superconformally equivalent to an N=1
superconformal submanifold of S2Tτ (ϑτ ) with ϑτ (z +m + nτ)/ϑτ (z) = e
piin, i.e.,
where ϑτ is the theta function of type (aγ , bγ) for aγ = 0 and bγ = bm+nτ =
n/2. Again the embedding can be done in two different ways: by embedding
the N=1 fermionic component into either the first fermionic component or the
second fermionic component. This N=2 superconformal supertorus is the N=2
superconformal DeWitt super-Riemann surface over C/Γτ with transition func-
tions given by Hm+nτ (z, θ
+, θ−) = (z + m + nτ, epiinθ+, e−piinθ−) = (z + m +
nτ, epiinθ+, epiinθ−) in the homogeneous coordinate system, which are coincidentally
given by Hm+nτ (z, θ1, θ2) = (z + m + nτ, e
piinθ1, e
piinθ2) in the nonhomogeneous
coordinate system.
Using the setting and results of [B7], consider the group given by N=2 super-
conformal transformations of the form
(7.21) exp
(
−
∑
n∈Z+
AnJn(z, θ
+, θ−)
)
· a−J0(z,θ+,θ−)0 · (z, θ+, θ−)
=
(
z, θ+a0 exp
( ∑
n∈Z+
Anz
n
)
, θ−a−10 exp
(
−
∑
n∈Z+
Anz
n
))
for a0 ∈ (
∧0
∗−2)
×, and An ∈
∧0
∗, for n ∈ Z+, where
(7.22) Jn(z, θ
+, θ−) = −zn
(
θ+
∂
∂θ+
− θ− ∂
∂θ−
)
and the series
∑
n∈Z+ Anz
n has an infinite radius of convergence. It follows from
Theorem 6.10 in [B7], there is a bijection between transformations of the form (5.5)
and of the form (7.21). Similarly, exponentiating the Jn(z, θ
+, θ−) terms for n ≤ 0
acting on (1/z, iθ+/z, iθ−/z), one obtains the transformations in a neighborhood
of infinity.
This exponentiation of these infinitesimals Jn(z, θ
+, θ−), which represent the u(1)
affine Lie subalgebra of the N=2 Neveu-Schwarz algebra, over
∧0
∗>1 gives us the full
connected component of the identity in the GL(1) loop group over
∧0
∗>1 [PS], in the
case of n ∈ Z, which is the group E . And in the case n ∈ N, we obtain the subgroup
of the connected component of the GL(1) loop group which, over
∧0
∗>1, corresponds
to the subgroup E0 of E . The case corresponding to n ∈ N and the subgroup E0
occurs when MB is noncompact, and the case corresponding to n ∈ Z and the
subgroup E occurs when MB is compact. In the compact genus-zero case, we have
the group G corresponding to the full loop group, and G/E ∼= Z counts the connected
components, in addition to classifying the holomorphic GL(1)-bundles over Cˆ. And
similarly in the genus-one case, exponentiating the affine u(1), over the two classes
of genus-one N=1 superconformal DeWitt super-Riemann surfaces with trivial and
non-trivial spin structure, respectively, we again arrive at the holomorphic GL(1)-
bundles over the underlying body manifold giving rise to the moduli space of genus-
one N=2 superconformal DeWitt super-Riemann surfaces with transition functions
restricted to contain no odd functions of an even variable.
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